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Introduction

Force-balance transducers (FBT) differ from other types of transducers
in that they have an electrical feedback loop. An équi]ibrium state of the
transducer mass is obtained by balancing the input force (caused by the
absolute base acceleration) with an opposing force exerted on the mass propor-
tional to the output voitage or current of a force generator. To approach
equilibrium, an electrical pick-up (usually a capacitive type) is used to
sense the relative mass movement, and its output is converted into the required
feedback current or voltage to drive a force generator by way of an amplifier.
The relative displacement sensor can be supplemented by a relative velocity-
sensing device. This can be effected thrdugh an electro-dynamic generator
type transducer in the feedback loop or by phase-shifting networks in the
main loop.

Force-balance transducers can offer a wider useful frequency response
range than the open-loop conventional transducers. Damping can be achieved
through a phase-shifting network or by a velocity-sensing pick-up in the
feedback Toop. Both the damping and the natural frequency can be adjusted
and altered by variation of the electrical components in the circuits of
the feedback loop. It should be noted that mechanical stiffness and damping
are often negligible compared with electrically produced equivalent terms,
and can often be ignored in the equilibrium analysis of the transducer
vibrating mess.

As pointed out by Neubert [4], instability due to environmental factors
in the displacement and velocity sensors and in the amplifier does not affect
the accuracy of the force-balance transducers. However instability in the
force generator does, since the feedback current or voltage is taken as a

measure of the input force. Thus, the problem of transducer stability has been
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shifted from sensing element and amplifier to the force generator.

We begin by considering a typical block diagram of a force-balance
accelerometer (Figure 1) and consider its input-output relations. Accel-
eration applied along the axial direction of the FBT causes a relative dis-
placement of the mass which is sensed by a variable capacitance with
sensitivity of D(V/m). Its output voltage is fed to an amplifier of gain
K and a velocity-sensing pick-up such as an electrodynamic generator type
transducer, or by phase-advancing network with a transfer function (1 +'yé%)
thuskprdviding the feedback damping. The output current i (Amp.) is fed td
force generator with a factor of G(N/Amp), hence completing the loop by
generating a force necessary to balance the input inertia force produced
by acceleration.

Hudson [3] studied the system shown in Figure 1 and derived the

following equations:

with Xa = Xr + Xg (1)
v DKGyy ¢ DKG v
mX .+ (c + R ) X. + (K + =22) X. xg (2)
() Ro
or
- . 2 B
Xr + Zmn ;Xr + @y Xr = -Xg (3)
where
2t =+ ) (4)
mﬁ = ( DKG) (5)

m
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The balancing force on mass m and the output voltage are specified by:

Balancing force onm = -G ﬁg
(]
(6)
(s o
Output voltage: E0 = DK(Xr + er). (7)
For a sinusoidal ground acceleration
Xg = ag Sinwt
The instrument response thenhbecpmes:
DKa \[ 2 2
iy == S R aC sin(ut - ¢) (8)
w w4242 A 2
n 0 - 51+ [2(D)z)
J e
Due to the fact that mechanical stiffness K and damping constant C are
small compared to electrical stiffness %Fg and damping Q%QE . it follows
. 0 0
from Equations (4) and (5) that Equation (8) can be written as
® 2
E = (=) a — sin(wt - ¢) (9)
S PN [2(2)12
®n (un'
For the sake of simplification, Equation (9) is written as follows:
mRo .
Ey = (—75-) agA sin(wt - ¢) (10)



where

\/‘ + (&)
A n

= (1)
2,2 Wy, 12
D - (299 + [2( B
\/ “n “n
and the phase shift ¢ is specified by
2(2)°
-¢= tan”! n . (12)

1+ (228 - )
n

Comparison between the conventional tranducer and the FBT is considered by
Hudson, and the result is shown in Figures 2 and 3. Figure 2 depicts the
response amplitude A, while Figure 3 shows the graph of phase shift ¢ versus

the ratio of forcing frequency to the natural frequency (£L) for a fixed

n
damping.

It is clear from the work of Hudson that the advantages of force-balanced
transducers are: (1) the broadening of the frequency response range; (2) the
possibility to alter natural frequency or damping of the transducer by chang-
ing the electrical constants in the feedback loop. It should be also noted
that in the FBT considered by Hudon (Figure 1) the output voltage is propor-
tional to relative displacement and velocity. However in many FBA's such
as FBA-1 of Kinemetrics, Inc. the output voltage is proportioha] to rela-
tive displacement only. Therefore, the FBA-1 acts as a conventional trans-

ducer but with a higher natural freuquency.
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Statement of the Problem

The purpose of this paper is to refine and re-evaluate the differen-
tial equation (transfer function) of a typical force-balance accelerometer
by considering all electrical components and filters that exist in such a
system. Such a study consists of two parts: (1) theoretical evaluation of
the transfer function of a typical force-balanced accelerometer, and
(2) experimental verification of theoretical results. For doing such work,
Kinemetr{cs, Inc., generously-offered to us the use of one of their force-
balanced accelerometers (FBA-1 #11749). We were also provided with the
physical characteristics of the instrument, its circuit diagram (Figure 4),
diagrams showing the locations of electrical components (Figure 5),
Accelerometer Calibration Data Sheets (Figure 6), and other useful informa-
tion pertaining to design and testing of the FBA-1. Kinemetrics also pro-

vided a PTO6E-12-10S connector.
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r  ACCELEROMETER CALIBRATION. DATA

| Used in FBA-/ _ Serial ——  Accel Serial || 749
f‘ R 450 a 'Re Q43 K R _60¢4 SRy 8.06 K
i Output:
—.00] @oG, _t+1.24%6 @ +1/2F.5., 19,565 @ +. S.!

~.00! @0G, —1,.240 @ -1/2 F.s., 2‘(“15@~Fs
Full Scale (F.S.) Range ]

Natural Freq. 5/, 1 Hz
Damping N3] per unit critical
Noise_ .00l v ; Cross Axis <,9{ G/a.

Data Taken By ,8 f nb Date l] 717/7‘{ E

b - L Rt e SN

Rl ST Y SISO |

Figure 6. FBA-1 Calibration Data
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Theoretical Analysis

A block diagram of the FBA-1 is shown in Figure 7. Three important
factors should be noted here: (1) the existence of the modulator and
demodulator unit; (2) the portion that contributes to damping (the velocity
sensing pickup, a differentiation element); and (3) force generator element
and its current Il.

Since the position sensing in this type of instrument is done by a variable
capacitor which does not respond to D.C., a carrier and driver are needed
for the phrpose of modulation and demodulation of the input voltage DXr(% . m).
Modulation and demodulation do not affect the transfer function of the system,
so they can be ignored in the derivation.

In a typical force-balance accelerometer, the velocity-sensing pick-
up is either the phase-shifting network (differentiator) in the main Toop
[4] or an electrodynamic generator type transducer in the feedback Toop [4].

From experimental and theoretical analysis, it follows that the velocity-
sensing pick-up used for damping in the Kinemetrics FBA-1 is a combination
of the electrical components and the voltage induced in the coil in the feed-
back loop of the circuit.

With reference to Figufes 4 and 7, it is of importance to note that
the current which flows through Rc and LC is the current that balances the
force on mass M through the force generator G(N/Amp) .

To evaluate the transfer function of the FBA-1, Figure 7 has been
divided into four parts. The transfer function of each part is evaluated
separately and then the total transfer function is derived by combining

the separate results.

12
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Part 1

The input into this part is e; = Dxr volts. It represents a low-pass
filter with corner frequency of about 310 Hz. Its main purpose is to eli-
minate the high frequencies introduced into the system by the modulation
part. For all practical purposes, this part may be ignored due to its
high corner frequency; however, for the sake of completeness, it is'inclu-

ded in the analysis of the transfer function of the force-balanced acceler-

ometer (FBA). The circuit diagram of this stage is shown in Figure 8.

The transfer function of part 1 can be written as:

e.' e,'
i i 1
= = (]3)
e; Dxr 1+ RGCZS
or in terms of frequency
e.' e,
i i 1
== (14)
e, Dxr 1 + JwRGCZ

Part 2

The input into Part 2 is the output of Part 1 (Figure 7). This part
is the most important one of the FBA-1. It has an amplifier and feeds
back the signal to balance forces on the mass M. Tﬁe damping and natural
frequency are also controlled by this stage.

The circuit diagram of Part 2 is shown in Figure 9. The capacitor C*
has a value of about 11 uf which is the combination of C6 and C7 as shown
in Figure 4. The value of Rc is about 450 ohms. The inductance of the

coil is indicated by Lc. The voltage produced in the coil is given by:

14
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To analyze Part 2, we introduce its equivalent circuit diagram

(Figure 10).

It follows from Figure 10 that

For the sake of simplification, we define the following notation:

R (Rh +R )

R0+R +R

R=(R)II(R, + Rg) = Ry

1 R
R* = Rllgex = 75 Rews

(15)

(16)

(17)

(18)

With this in mind, the equivalent circuit of stage 2 can be redrawn as shown

in Figure 11.

By considering the current law at the common node, it follows that

' -
K (ei' - e])- e, =.i§
*

Rc + SLC, R

[K'(ei' - e]) -e2] SC° +

Substitution of equation (16) into equation (19)4implies

e2 K'R SC

8 K
SC K' - (== +SC) + o—c—
o e'. ; R + R8 o Rc + SLc
e, K' R8 R* + R + SL

[(R TRIR_+sCJ ¢ R¥R_ +SLT] =0
which can be written in the following form:

17

(19)

(20)



Figure 10. Part 2 Equivalent Circuit Diagram
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Figure 11. Part 2 Equivalent Circuit Diagram
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e, K' R*[(R +SL )SC +1](R +R8)

“"‘ - IR gR*[(R_+SL )sc +1]+sc R*(R +R8)(R +SL )+(R*+R +SLIR h*Rgl}
_ (21)
Equation (21) gives the exact transfer function between nodes ei' and e,.

(See Figure 11.) Since a typical value of K' is about 100 K (MC1456), the
second portion of the denominator of Equation (21) s usually ignored.
Therefore, we have
e (R, +R,)
' __g._;_hTa_ (22)
i 8
It appears from Equations (22) and (16) that the values of e and e’
are the same, but remember that Equation (22) is approximate. The difference

between the two voltages is of the order of 10'5 v, and this difference

produces vo]tage.K'(ei' - el). Equation (22)'indicates that there is

no phase-shifting between the nodes e, and ei', only an amplification of

Rh+R
Rg

8 .1.8.

To find where the electrical damping and natural frequency come from,
we need to evaluate the current I] (Figure 10) which is the important
factor in balancing the forces on mass M. From Equation (19), the value

of K'(ei"-e]) can be written as

) e2[Rc +R* + SLC + R*(Rc + SLc)Sco]

K'(e;' -e,) = (23)
i 1 R*1 +SC°(RC+SLC)]
The current I (see Figure 10) is given by
K(e.'-e,)-e
1 2
I, = —2 (24)
1 RC+SLC

20



Substituting Equation (23) into Equation (24) results in

€

I, = (25)
1 R*1 +SC0(RC+SL91

Substituting the value of R* from Equation (18) in Equation (25) gives

ez('l + RC*S)

I, =
1 " RIT#SC,(R_+5L_J]

By use of Equations (22) and (13), I, can be written as

(Rh+R8 ) () )
1+RC*S)e,
Rg ' T+RLC,S i

1= T RITASC,(R_*+SL.] (27)

The values of C2 and Co are small, however, to observe their contributions
to the natural frequency and the damping of the complete system these capa-
citors are not neglected. Substituting the value of R from Equation (17)

into Equation (27), there follows:

R°+R +R R_+R

( h_ 8, h 8 (xs)e,
_TRR R i
h e [Trsc ?R FSO )]?1+R ST (28)
0''C c 62

Note that e, = DX volts. It is clear from Equation (28) that if we had
ignored the denominator due to low values of Co and C2’ the first term of
numerator would be the main contributor to the natural frequency while the
second term would contribute to the damping. This point becomes more obvious
when we write the equilibrium equation of the mass-spring system with feed-

back. The S domain is kept throughout the forthcoming analysis, since the

21



electrical components are already in that form. However, at the end of
the presentation we also consider the time domain, as a form of comparison
with the results of Hudson [3]. With this in mind, we can write the equi-~

Tibrium equation of the mass-spring system (Figure 7).

2

MS"X, = -KX_-Csx - GI; - MA(S) (29)

where A(S) is the acceleration in S domain.
Substituting Equation (28) into the Equation (29) and neglecting the

small coefficients of the third and the fourth power of S, there follows:

X,
A*
(30)
‘A(g s2 4+ 200 S+mn2
where
A* = M+ KC L +KCR_ cMR FCCR FCCR. ° (31)
26 oc 26
(Rh+R8)
C+KC R, +KC,R, +GOCH
) Rg
2z, = M+KC L FKC R CRe + CC.R_ +CC,R. * (32)

276 oc 26

R +R_+R
K.+GD°—R—£——§-
o? = L +KC C?{8+CCR +CC.R, °® (33)
n M+ KCoLe + KCRCoRg + CCR_+TC R,

Next, one can consider a simple form of Equation (28) as

R°+R +R

h*Rg  Rn*Rg
1% U RR

08 R8

C*S)e, . (34)

22



If we follow the same procedure as before the parameters of Equations (30)

can be written as:

A* x 1, (35)
R, +R
_C . pgc* RntRg
2;mn =t —TT—--—ﬁg—— _ (36)
R +R +R
2 _K,pgRotRy*Rg
“n MM T RRg (37)

In general the spring constant K and the damping C are small compared to their

corresponding electrical quantities. Hence Equations (36) and (37) reduce
to

R, +R
. DGC* "h " "8
2cmn * =N R8 s (38)

= (39)
n M RoR8

Since the measured output is not Xr bdt e, (see Figure 7), there are still

two more stages to be considered.

Part 3

The input for this.part is the output of stage 2, which is denoted by
€,- This stage, as shown in Figure 12, is another low pass filter with
corner frequency of about 160 Hz. Its main purpose is to eliminate any
high-frequency modulation contributions not eliminated in Stage 1.

Since the frequencies of interest are smaller than 160 Hz, the effects of

23



Figure 12. Part 3 Circuit Diagram
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this stage, similar to stage 1, can be ignored in calculations. However,
for the completeness of the theory, this stage is also included.

The transfer function of this part can be written as:

e ]
2 1
= (40)
e, I-+R]1C35
or in terms of frequency
92' ’I
= - (41)
e, 1 +JmR]]C3

Part 4
This segment, which is the last stage of the FBA-1 logic, is a post-
amplification part. Its input is the output of stage 3, that is, ez', and
its output is e, which is usually connected to a recording station. The
circuit diagram of this part is shown in Figure 13. To analyze this stage,
consider its equivalent circuit diagram shown in Figure 14. For the circuit
of Figure 14, the following equations hold:
R
10
e,' = o= @ (42)
1 R]0+R9 0
and
' ' - '
K*(ez - € ) i e, "€
R10*Rg Rg

(43)

Substituting e]' from Equation (42) into Equation (43) results in

25
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e| ""‘"“"""/
% Rio

Figure 13. Part 4 Circuit Diagram
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€ €o
A ?
7
E,RW —— K'(ez-¢/)

Figure 14.

Part 4 Equivalent Circuit Diagram
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eo K*(R]0+R9)

& K*Ryg*+ (Ryg+Rg)

Since the value of K* is very large, Equation (44) can be written approi-

mately as

% = M0+ Ry (45)
&) Ri0 ‘

?

As it may be clear from Equation (45), the part 4 is an amplifier, with

Rio*Rg
amplification value of about R = 2.22.
10

Complete Transfer Function

Now that the transfer function of each part is known, we can derive
the complete transfer function of the FBA-1 accelerometer. Using the fact
that e; = DX., along with Equations (45), (40), (22), and (13), the output

voltage e, can be written as

e -J0tRo 4 RytRg -+ DX (46)
(o} R]0 T+ R”C3S R8 1+ RGCZS r
Substituting the value of X, from Equation (30) gives
e T0tRe RytRg 0 0 Lpags) e ar (47)
° T Re o THRNGES RS Zian sea? |

where A*, Z;wn and ‘*’;21 are defined by Equations (31), (32) and (33) respec-

tively. Equation (47) is the complete transfer function of the system.

28



As can be seen, both low pass filters are included in this equation.

An approximate form of Equation (47) may be written as

h*Rg -A(s)
8 52+2g§s+ms

(48)

The damping, Z, and natural frequency, @, are defined by Equations (38)
and (39), and the value of A* = 1.

At this point, it is interesting to compare the above results with
those of Hudson. We consider Equation (29) in the time domain, with I,
represented by Equation (34) and chn and wﬁ represented by Equations (38)

and (39) respectively. It follows from the equilibrium considerations of

mass M that,

R0+Rh+R8 R, +R

o . h 8 ° e .
MKy = - 6D 2 X - 6D P ovk MK (49)
08 8
or
R _+R R_+R_+R .
60, "htRe o e RotRutRg
W TR R W T RR R X (50)

08 r 9

Through use of Equations (38) and (39), the last result becomes

. . 2 L
X * 20 X+ o X = Xq (51)

For a sinusoidal ground acceleration
i = a_sinat, 52
g = 3g Sin (52)

The relative displacement Xr is given by

29



ap
X, = —:2.— sin(wt - 9) | (53)

where

o = ! | (54)

\/“ - (@42 4 2212
n n

()
8 = tan”! ZEE; (55)
1- (22
mn

As noted earlier, Dxr is the input to Part 1. Considering the amplifica-

tions present in the system, the output voltage e, is given by

R,~n+R R, +R Da
109 h__8 29 p sin(wt -6) (56)
“n

%o " TRy Rg
The key parameters in Equation (56) are p and 8, compared to Hudson's A
~and ¢ [see Equations (li) and (12)]. Graphs of p and 6 are shown in Figures
15 and 16, respectively, for the damping of /2/2.

The basic difference between the above results and those of Hudson
should be clear by comparing Equations (54) and (55) with Equations (11)
and (12). The difference in the two results is due to the fact that in
the present analysis, the output vqltage is proportional to relative dis-
placement only, and the 90° phase shift produces electrical damping, while
the velocity ir itself is not part of the output [see Equation (56)]. Hence,

the system acts as a single-degree-of-freedom system which rolls off at

30
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Figure 15. Response Amplitude (Normalized) as a Function of
w/mn for the FBA-1 (Filters Not Included).
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Figure 16. Response Phase Shift as a Function of

cu/con for FBA-1 (Filters Not Included).
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its corner frequency as shown in Figure 15. The output voltage in Hudson's
model is proportional to rélative displacement Xr and relative velocity ir
[see Equation (7)], thus producing response which first increases and then
rolls off, as seen in Figure 2. It should be clear that in this comparison
the contributions of the filters and capacitor Cb are neglected. Thus it
appears that Kinemetrics FBA-1 acts much like a conventional transducer

but with a higher corner frequency due to the feedback loop.
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Experiments

The experimental work on the force-balance accelerometer (FBA-1 #11749)
has been devided into three tasks:
1. Measurement of damping and natural frequency of the FBA-1 following
the procedure outlined in the Kinemetrics Operating Instructions

for FBA-1, Force Balance Accelerometer, Part Number 102475.

v2. Determination of electrical component transfer function. The
mechanical mass and spring portioh were isolated by disconnecting
the circuit after modulation, at the resistor R6’ and a low-
amplitude, low-frequency input voltage at that point was applied
(see section A-A of Figure 4). By doing this, the effect of
- feedback is eliminated. This task was done to verify the gains

of amplifiers (Parts 2 and 4) and the filtering of the two low-
pass filters (Parts 1 and 3).

3. This task consisted of a shaking table test, producing the
transfer function of the system as a whole. The testing performed
in this task is based on comparison of the FBA-1 with another
transducer having very high corner frequency. Both the FBA-1 and
the reference transducer are subjected to the same random and
sinusoidal wave excitation of the same shaking table. Thus,
it is important that the reference transducer and the shaking

table be of high quality and accuracy.
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Task One

As mentioned previously, this task deals with evaluation of damping
and natural frequency based on Kinemetrics operating instructions. For
this test, the required +12 vdc and -12 vdc were supplied by Tektronix
PS 503A power supply. Accelerometer zero adjustment was done through the use
of Tektronix digital multimeter DM 501. The power supply and multimeter,
along with a function generator, are all one packaged instrument, known
as TM 503. Also, a rotary switch and chart recdrder are used in this test.
Following Kinemetrics instructions with the speed of the chart recor-
der set at 125 mm/sec, the record was obtained as shown in Figure 17. From
this record, the damping and natural frequency were evaluated. To calculate
the damping, the overshoot ratio was computed. The overshoot ratio is ;%
(see Figure 17). Using this ratio, the damping can be evaluated by using
Table 1, which was supplied by Kinemetrics.
For measuring the natural frequency, the number of cycles between two
peak points were read, along with the distance between them (see Figure 17).
By the exact speed of the chart recorder, the natural frequency is calculated -
to be 49.73 Hz. Note that the decay in sinusoid is due to mostly mechanica]
damping. This damping has a value of about 0.01, which supports the assumption
that it might be eliminated from Equation (36).
It should be pointed out that at Kinemetrics, Inc., a different pro-
cedure for measuring damping and natural frequency is being used. By
inserting 5 volts p-p at the CALIB input (see right-hand side of Figure 4)
and by increasing the frequency from 2 Hz to 50 Hz, a check is made to note

if output starts to decay as 50 Hz is approached. The output should decrease

so that at 50 Hz it should be about 70% of the output at 2 Hz. If this is
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X| Arﬁ 1S cycles |
X2
Overshoot ratio = E = e 0.06
1
a=37.7 mm
E=0.06 —> 7 =0.67 (Table 1)

¢ = {125 mm/sec) 15 cycles
n (37.7 mm)

= 49.73 Hz

Figure 17. Test Results for Measurements of Damping and

Natural Frequency Based on Kinemetrics
Operational Manual.
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TABLE 1
OVERSHOOT RATIO VERSUS DAMPING

Damping Overshoot

h 0.s. | Ratio
0.60 0.95 10.55/1
0.61 0.089 11.231
0.62 0.083 11.971
0.63 0.078 12.79/1
0.64 0.073 13.69/1
0.65 0.068 14.69/1
0.66 0.063 15.80/1
0.67 0.059 17.04/
0.68 0.054 18.42/1
0.69 0.050 19.98/1
0.70 0.046 21.74/1
0.71 0.042 23.75/1
0.72 0.038 26.03/1
0.73 0.035 28.66/1
0.74 0.031 31.70/1
0.75 0.028 35.24/1
0.76 0.025 39.40/1
0.77 0.022 44,311
0.78 0.020 50.19/1
0.79 0.017  57.28/1
0.80 0.015 65.94/1
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not so, R, and Rh are simultaneously adjusted to get the desired values of
natural frequency and damping, respectively. Kinemetrics values evaluated
for damping and natural frequency, based on their procedure for the FBA-1

#11749, are 0.65 and 51.2 Hz, respectiveiy, as seen in Figure 6.

Jask 2

As discussed earlier, only a portion of the circuit shown in Figure 4
was used in this task. This is section A-A disconnected from the rest of
the circuits (see Figure 4). It can be seen that this part is free of
mechanical components. Therefore, Task 2 consists of a simple check of
amplifications and filtering that exist in the circuit.

A Tow-amplitude sinusoidal input e, at point "A" produces gain and
phase shift at points e, and e, (see Figure 4). Due to a limited accuracy
of the testing instruments used in this experiment, the range of applied
frequencies was only from 20 Hz to 200 Hz. Although lower frequencies were
more desirable, the range'of frequencies used was sufficient to satisfy the
objective of Task 2. Measuring devices and instruments used in this part
were: Tektronix oscilloscope 465, Serial No. B 325812; Tektronix TM 503,
which includes a function generator, power supply, and digital multimeter.
Also, a 24 K potentiometer was used to reduce the amplitude of the input
voltage at point A of Figure 4.

‘Before stating the experimental results, the theoretical values are

evaluated. Combining Equations (14) and (22) results in

h*Rg 1

1+j2nf RGCZ

(57)

Multiplying Equation (57) by Equations (41) and (45) results in
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f _MntRg  Rig*Ry 1 . 1 (58)
& "Ry Rig  THIZnRee, * THiznf Ry,

Using the values of resistors and capacitors (see Figures 4 and 6) provided
by Kinemetrics, the gain and the phase shift associated with Equations (57)

and (58) can be eva]uated. Table 2 shows the gain and phase-shift of ;%—és

a function of frequency. Table 3 shows similar results for ;%. Figure;,18

and 19 display theoretical gain and phase-shift of~§% » respectively, and

Figures 20 and 21 show similar results for E%" 1

The experimental results are shown in T;blesl4 and 5. The plots of_

gain and phase-shift of ;f and gf-are shown in Figures 18, 19, 20, and 21,
respectively, along with their theoretical values as discussed earlier.

These figures indicate a good agreement between theoretical and

e e

Eggand 59 (gain and phase shift). Small differences
i i

that exist are due to errors of the electrical constants of resistors and

experimental values of

capacftors, and also due to errors involved in reading the gain and phase-
shift from the oscilloscope. As mehtioned earlier, this part excludes
the mechanical portion and the feedback portion of the force-balanced
accelerometer. However, it serves as a check of theoretical calcula-
tions.

There are some important facts that the above figures point out, espe-
cially Figures 20 and 21. Both the theoretical and experimental results of

e .
-2 show a gain drop of about 50% from zero to 200 Hz and appreciable phase

&
shifting.

Recall that in Equation (34) in calculating approximate value of the
current through the coil, the effect of the first filter and C0 were

neglected. Also in Equation (48) or similarly in Equation (49), the effects
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TABLE 2

e
Theoretical Gain and Phase-Shift of e—2
i

as' a Function of Frequency
(see Equation 57)

e
f(Hz) ' | '?f" Phase Shift,°
0 1.80 0
20 1.80 -3.67
30 1.79 -5.50
40 | 1.78 -7.32
50 | . 1.78 S -9.12
60 1.77 -10.90
70 1.76 -12.70
80 1.74 | -14.40
90 1.73 -16.10
100 1.71 -17.80
110 | 1.70 -19.40
120 1.68 -21.10
130 - 1.66 ' -22.70
140 1.64 | -24.20
150 | 1.62 -25.70
160 160 -27.20
170 1.58 -28.60
180 1.56 -30.00
190 1.54 -31.40
200 1.51 -32.70
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TABLE 3
e
Theoretical Gain and Phase-Shift of 39 (output)

as a Function of Frequency
(see Equation 58)

e
f(Hz) ' : |E$1 Phase Shift, °
0 4.00 0
20 3.96 -10.83
30 3.90 ~-16.16
40 3.83 ‘ -21.40
50 3.77 -26.60
60 3.68 . -31.50
70 3.57 -36.40
80 3.45 -41.10
90 ' 3.34 -45.60
100 3.21 ‘ -49.90
110 3.10 -54.00
120 o ‘ 2.97 -58.10
130 | 2.85 -61.90
140 ' 2.73 -65.50
150 2.62 -69.00
160 2.50 ' -72.30
170 2.39 -75.50
180 2.29 -78.50
190 : 2.19 -81.40
200 2.09 -84.00
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100
110
120
130
140
150
160
170
180
190
200

TABLE 4

Experimental Gain and Phase-Shift of

as a Function of Frequency
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TABLE 5

e
Experimental Gain and Phase-Shift of EQ

i

as a Function of Frequency

f(Hz) 'E%' | Phase Shift, °
20 3.90 -9.26
30 ' 3.80 -18.00
40 3.80 -21.00
50 3.70 -24.00
60 3.60 -30.00
70 3.50 -36.00
80 . 3.35 -40.50
90 3.20 . -45.90

100 3.15 -49.50

110 3.10 -54.00

120 2.90 -58.50

130 ' 2.65 -63.00

140 ' 2.65 -65.25

150 2.50 -69.75

160 2.40 -72.00

170 : 2.35 -72.00

180 2.25 -76.50

190 2.12 -81.00

200 2.00 -81.00
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of both filters were neglected. Also, Kinemetrics, Inc., so far did not
take these filters into account in their calculations. This assumption is
correct as long as very low frequencies are of interest. Neglecting the
two filters in the derivation of the final transfer function imp]iés that
the system acts as a second-order differential equation [see Equations (48)
and (51)]. But as it has been noted at higher frequency the contributions
of Parts 1 and 3 to the transfer function are not negligible and must be
included in the calculation of the system transfer function and in the use
of the differential equation [see Equation (47)]. This produces a fourth-

order differential equation instead of Equation (49).

Task 3
This part presents the shaking table test procedure and the results.

There are two transducers involved in this test, the Kinemetrics FBA-1
(# 11749), and the Endevco accelerometer (PA80-2272) which was used as the
reference accelerometer. The reference accelerometer has a corner frequency
of 7,000 Hz and a flat frequency résponse in the range from 5 Hz to 3000 Hz.
The shaking test was performed at Kinemetrics, Inc. The equipment used for
this test consisted of the following:

i) SMA-3 control panel to provide a) £ 12 VDC power to the FBA-1 and

b) calibration capability.

i1) Tektronix 2215 (dual channel) oscilloscope to monitor the data from
the FBA-1 and from the reference accelerometer during the shaking

test.

iii) Data>from the shaking test were analyzed by Hewlett-Packard 3582A,

dual channel spectrum analyzer.
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iv) Hewlett-Packard 70158 X-Y plotter was used to plot the transfer func-

tion of the FBA-1 with respect to the reference accelerometer.

v) The shaking table used was manufactured by Electro-Seis. (Model 113)

of Acoustic Power System, Inc., along with the Power Amplifier

Model 114

vi) Hewlett-Packard 3310A Function Generator was used to generate sinu-

soidal waves.

Other standard laboratory instruments such as a digital voitmeter, frequency
meter and a DC power supply were utilzied in this experiment.

Two forms of excitation were utilized in this experiment. The first
source was the random noise generator of the HP3582A Spectrum Analyzer. |
This excitation contained all frequencies in the range of interest (0-100 HZ).
The second source was a function generator used to generate sinusoidal waves
at discrete frequencies, from 5 HZ to 100 HZ, in the interval of about 5 HZ.
In this case the transfer function of the FBA-1 (ratio of the FBA-1 response
to the response of the reference accelerometer) was obtained as a discréte
set of points.

Figure 22 illustrates the block diagram of the shaking test. The shaker
was excited by random noise or sinusoidal wave through the power amplifier.
The FBA-1 and the reference accelerometer (Endevco 2272) experienced the
same excitation. Data from sensors were monitored using the oscilloscope,
and the transfer function of the FBA-1 with respect to the reference
accelerometer was obtained from HP3582A Spectrum Analyzer. The evaluation
of the transfer function of the FBA-1 is a simple task using the Spectrum
Analyzer. It directly computes the transfer function values between two

channels of data. A total of 64 linear averages of the 128 spectral estimates
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were used to obtain Signal-to-noise enhancement, and to improve the statis-
tical confidence in the results. The coherence function between FBA-1 and
the reference accelerometer was also computed by HP3582A Spectrum Analyzer.

The working assumption is that the ratio of Fourier Transform of the
FBA-1 output to that of the reference accelerometer results in the transfer
function of the FBA-1. This is because the Endevco 2272 accelerometer has
a flat frequencey response in the frequency range from 5 to 3000 Hz. The
Frequency range chosen was only from 0 Hz to 100 Hz.

For the case of random noise excitation, the results of the test which
were recorded on the HP3582A analyzer were plotted using HP7015B X-Y plotter.
For the case of sinusoidal wave excitation, the values of the transfer function
of the FBA-1 at different frequencies were recorded from the analyzer and
then plotted ovéer the previous results.

The results of this test are shown in Figures 23 and 24. Figure 23
shows the transfer function of the FBA-1 and Figure 24 shows the coherence
function between the outputs of FBA-1 and the Endevco 2272. The b]ot
of coherence function between the outputs of twd accelerometers indicates
good accuracy of»the results in the range of 5 to 100 Hz. The shaker
frequency response indicated no resonant frequency from 0 to 100 Hz.

The shaking test results indicate a flat transfer function of the FBA-1
in the range from about 0 to 30 Hz before the roll-off occurs. The experi-
mental results are identical for the two sources of excitation. To evaluate
the natural frequency and damping from this result the square of the error
between the shaking test transfer function result and a single-degree-of-
freedom system (Equation 48) were evaluated for different natural frequencies
and fractions of critical damping. The minimum error obtained was for values

fn = 43.0 Hz and ¢ = 0.61. The theoretical amplitudes for these optimum values
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are plotted in Figure 23. Next the square of the difference between the
shaking test transfer function result and Equation (47) (disregarding the
amplification factors) was also obtained for different natural frequencies
and critical damping values. The estimates obtained for this case were

fn = 47.0 Hz and £ = 0.62. The theoretical response amplitudes corresponding
to these optimum values is also shown in Figure 23. The transfer function
of the FBA-1, based on Kinemetrics Calibration (Figure 6) and Equation (48)
is also shown in Figure 23.

It should be pointed out that the amplitude of the transfer function
at f = 0 is not of importance here, since all plots in Figure 23 are of
normalized form. The actual gain values have been verified in Figures 18
and 20.

The transfer functions obtained from Equation (47) (fn = 47.0 Hz,
¢ = 0.62) and Equation (48) (fn = 43.0 Hz, ¢ = 0.61) are in very close
agreement with the shaking test results. However, due to the presence of
the low pass filters in the circuit of the FBA-1, the plot obtained by
Equation (47) is more accurate and fits the experimental results better.

It is clear that the transfer function of the FBA-1 based on Kinemetrics
calibration data (Figure 6) and Equation (48) (ignoring the presence of

filters) does not fit the experimental results as well.
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Conclusions

Based on the above theoretical and experimental analyses, the following

conclusions can be stated.

1. The output of FBA-1 (voltage eo) is directly proportional to rela-

tive displacement Xr only. Thié broduces a response similar to
that of conventional transducers (see Figure 15). General results
of Hudson (Figure 2) indicate that the output voltage of an FBA

can be porportional to a sum of transducer relative displacement
and velocity, thus increasing the frequency range before roll-off
occurs. Therefore, one possible improvement could be achieved by
redesigning the system so that the output voltage includes a velocity
contribution, thus producing the response of the form shown in
Figures 2 and 3.

It was pointed out that becausé of the variable capacitance a modu-
lation system is required. This modulation uses a carrier sine
wave of 17 volts p-p with a frequency of about 10 KHz. However,

once the relative displacement is sensed by the variable capacitance,

“the high-frequency signals must be filtered. The purpose of Parts 1

and 3 is to eliminate the high-frequency signals. But as was seen in
Figures 20 and 21, this results in appreciable gain drop and phase
shift as frequency increases to 200 Hz. At high frequencies one

cannot assume that the systém acts as a second-order differential
Equation (48), and the contributions of Part 1 and 3 must be included.
In other words, Equation (47) must be used. High frequency response
could be improved by redesigning filters to have higher corner frequen-
cies thus, decreasing the large gain drop at high values of frequency,
or by using a higher frequency (greater than 10 KHz) carrier sine
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wave. This would allow the use of filters with higher corner
frequencies.

3. Damping and natural frequency are among the most important para-
meters of any transducer. Due to strong dependence of the response
on these parameters, these must be measured accurately. As it was
shown in Figure 17 following the original Kinemetrics test procedure,
damping and natural frequency were calculated to be 0.67 and 49.73
Hz, respectively. In yet another testing procedure explained above,
which was done at Kinemetrics, Inc., the results were 0.65 for
damping and 51.2 Hz for natural frequency (see Figure 6).

Shaking table test results of Figure 23 indicate damping and natural
frequency of 0.61 and 43.0 Hz respectively when the filters are not con-
sidered (Equation 48). However, when the filters are included (Equation 47),
damping and natural frequency of 0.62 and 47.0 Hz seem to best fit the shaking
test results. The values of 0.62 for the critical damping and 32.0 Hz for
natural frequency satisfy Equations (38) and (39) simultaneously. However,
it should be clear that Equations (38) and (39) are only the approximations
df Equations (32) and (33) respectively.

It is apparent from Equation (39) that the square of the natural frequency
is inversely proportional to Ro and directly proportional to R, (value of R8
is usually kept constant). Equation (38) indicates that the product of natural
frequency and damping is directly proportional to Rh. In fact, this verifies
the procedure Kinemetrics, Inc., uses to alter the values of natural frequency
and damping. In the FBA Adjustment Procedure, natural frequency is determined
by selecting proper resistance for Ro’ and damping is adjusted by selecting
proper resistance for Rh' The main part of the critical damping is produced
by the capacitor C*.
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It should also be pointed out that in the first measurement based
on operating instructions of FBA-] for natural frequency (fn = 49.73),
resistance R]2 with a value of 330 ohms (see Figure 4) comes into the
circuit which is ordinarily grounded on both sides and has no effect on
the transfer function of the system, while FBA-1 is subjected to strong
ground acceleration.

In the test done by Kinemetrics for measurements of damping and natural
frequency (¢ = 0.65, fn = 51.2 Hz) another portion of the circuft which
includes diode CRO, 10 K potentiometer, and Rca1 comes into action whiéh
is again normally isolated when FBA-1 fs measuring strong ground accelera-
tion. It is believed in both of the above cases a resistance parallel to
Ro is introduced, hence reducing the effective value of Ro in the equa-
tions derived. This, as a reéult, increases the value of natufa] frequency.

It is noted that at frequency of 50 Hz, there is an appreciable gain

drop of about 6% (see Figure 20) just dde to filters of stages 1 and 3.
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