BULLETIN OF EAEE, VOL.5, 85—95 {1979)

A NOTE OF SURFACE STRAINS ASSOCIATED WITH INCIDENT BODY WAVES
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ABSTRACT

Surface strains in the elastic half-space associat-
ed with incident plane body waves can be express-
ed exactly in terms of 1) corresponding horizontal
displacement, 2) incident wave number, 3) Pois-
son's ratio for the medium, and 4) the angle of in-
cident waves. Application of these results in earth-
quake engineering is considered.

INTRODUCTION

Analyses of the earthquake-induced damage to
engineering structures show that, by far, the most
prominent and widespread cause of destruction is
associated with strong ground shaking. There are,
however, other examples of damage which result
from differential types of motion like large strains
associated with ground shaking. In some cases,
these strains may be superimposed on the dynamic
response and thus only contribute to the resulting
total vibrations. In other cases when the charac-
teristic frequencies of the system differ from the
principal frequency content of strong motion,
local strains may affect the structural systems ina
quasi-static manner. Long underground pipelines
and railroad tracks may buckle, bridges may col-
lapse because of the excesive support motions and
extended structures may crack, to name only a
few examples, all from excessive loca! strains as-
sociated with earthquake ground shaking
(Okamoto, 1973).

To estimate the amplitudes of local strain, it is
necessary to understand the nature of incoming
waves (type, amplitude and direction of propaga-
tion) as well as the characteristics of the medium
through which these waves propagate. Since the
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strong shaking can be represented by the body and
surface wave motion and since the surface waves
represent interference patterns of body waves, it is
seen that the understanding of strains associated
with body waves will facilitate the interpretation
of the strains accompanying the complete time his-
tory of excitation. To this end, in this paper, we
examine the nature of the strains associated with
body waves reflecting off the stress-free half-space
boundary. We also explore the possibility of
evaluating the strain amplitudes from recorded
translational motions.

For nonlinear analyses of dynamic response of
a soil deposit using essentially linear one-dimen-
sional techniques, some methods employ nonlinear
stress-strain relationships to ““modify’ soil proper-
ties according to the computed strain fevels. In this
respect, the aim of this paper is to point out how
near surface strains should vary with amplitudes
and approach angle of incident waves in three
dimensions. Since the strain amplitudes will decay
with depth as cos [wx, /¢ cos 85, for most 6
and for typical frequencies, it is sufficient to discuss
surface strain amplitudes only.

INCIDENT P-WAVE

The coordinate system (xl, X,. x3) is chosen so
that the ray of incident P-wave, with amplitude Ao
and angle of incidence 90 is in the x, = 0 plane
(Figure 1). Upon reflecting from the free surface
(x2 = 0), this wave generates two reflected waves:
1) P-wave (amplitude A1' angle 01) and 2) SV-
wave (amplitude Az' angle 82). For incident
P-wave with frequency w and wave velocity cL, at



x, = 0, there follows {Achenbach, 1973).

u = (AosinOO + Alsin()1 + Azcosf)z)

explik, (x sind  — ¢ 1] (1)
and
u, = (A000560 — Alcosﬁ1 + Azs'in(),)
exp [ikg (x sinf  — ¢ vl (2)
The strains at X, = 0 are then
E)u1 o
exl = Bul = |k05m60u1 . (3)
ou AN
= 2 = — = +
%, = Bu " o (1 ) Bt A
exp [iky(x sing) — c 0] (4)
and
~ aua E)ul
Txox, T xR, T ax, T 0 ®)

In these expressions, u, and u, represent
displacements in X, and X, directions,

k0 = w/cL , (6)
201 - ) v

k T (7)

90, 6‘ and 92 are the angles of incident and two

reflected waves (Figure 1), v is the Poisson’s
ratio, and t is time. The amplitudes A, and A2
are given by (Achenbach, 1873)

A sin2 6. sin260 — k“cos?28
1 = o 2 2 (8)
A, sin2 0,526, + k? cos?2 f,
and
_ﬁ ) 2ksin2 60 cos2 02 - )
AD sin2 90 sin2 02 +k?cos?2 62
Figures 2 and 3 show exl and ex2 versus 00,

for selected values of v and for AO =1.
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INCIDENT SV WAVE

Figure 4 shows the coordinate system and
the positive motions Al and A2 for incident
SV-wave of amplitude Ao' The incident and

reflected rays are in the plane X, = 0. The two
nonzero maotions are {at X, = 0)

u = (— A0 cos()0 + Al sin 01 +Al cos(),z)

exp [iky (x, sin 6 — cyt)] (10)
and

u, = (A0 sin GO—A‘ cosH1 +A2 sin 62)
exp[iko (xl sin Go—cTt)] , (11)

where cT is the shear wave velocity. At X, = 0
the corresponding strains are

_ Z)ul ) )
exl = axl = |k0 smf)ou1 s {(12)
ou / 2
- 2 { 2—k 13
, x| o\ )Al ' 13
and
ou ou
Tx. x, = —% + L =0. (14)
1772 ax 0X
2 2
with (Achenbach, 1973)
A — ksind §
1= . 02 (15)
Ao sin24 sin26 +k? cos® 26
and
/_\L ) sin2 6, sin2 6 — k? cos®2 % (16)
Ao sin2 sin20  +k* cos’2 9,
Figures 5 and 6 present €, and €, versus
1 2

00, for selected values of v and for A0 =11t

is seen that at critical angle 00= gcr' where
ksin 60 = 1, strain amplitudes experience maxima.



INCIDENT SH-WAVES

For incident SH-waves (Figure 7) A2 = AO and

6, =6,. The only nonzero motion is (at x, = 0)
u, = 2Aoexp[ik0(xlsin 60 —cTt)] s (17)
ex1 = eX: =0,

and

du, du,  <in0.2A
= > 4+ =
Yxx'xa ax1 8x3 ikysin §2A jexp
likg (x; sin ) —cyt)] (18)
DISCUSSION

In earthquake engineering and strong motion
seismology, measurements are made of strong
motion amplitudes u, u, and u,,
ing is now available on the associated strains.
From the preceding results, it is possible, however,
to calculate the strains accompanying u,.u, and
uy, provided something is known or can be as-

sumed about (i} the type of incident wave, and

(ii) the angle of its incidence. With further improve-

ments in observational analyses of strong ground
motion in the interpretation of these motions
{Trifunac, 1971), it will become easier t0 estimate
the strains associated with recorded translational
motions of strong shaking.

For incident P-waves, it can be seen that

€x

= ising. . (19)
KoUy °

Furthermore, it can be shown that

but no record-

X 2
Lo -5 5 sing (20)
2 0
Kol 2 K
and
€ . .
X2 _ i /1 _k_2> 4 sin® 6, V1~ (sin g /k)
kOUZ \\ 2 k k2 _ 25in2 90

(21)

Figure 8 shows the modulus of ¢, /(k0u2) for

. 2
different values of v.

For incident SV-waves, from equation (12),
there follows

€x

L = isinf. . (22)

Kol °
from 2quations (13), (15) and (16), it can be
shown that

€ , . :
Xz . K 2—k‘\ 2sin 00 (23)
Ko, 2% k
and
€
X 2\ — cos2 8
k2 =i(2—k)\ "-2Ox/2‘ (24)
oYz \ 2k {1 —k*sin 80)

Figure 9 presents the amplitudes of € /(kouz).

2

It is seen that at 90 = Bcr' equal to 41.8°,

37.8°2,32.2° and 24.1°, for v=.1, 2, .3 and

.4, the normalized €y in {24) becomes infinite.
2

This diminishes the usefulness of the ratio e, /

2

(kouz) for estimation of €, in terms of u,,

since it becomes too sensitive to the errors in
estimating the amplitudes of u, near these angles
of incidence. Thus, whenever it is possible, equati-
on {23) should be employed instead to estimate
exz.

For incident SH waves, the only nonzero

strain can be written as

—L' 3 = ising . (25)

CONCLUSIONS

It has been shown that the surface strains
(x2 = 0) in the infinite half-space, associated with
incident ptane P and SV waves, can be expressed
in the simplest form by using the amplitudes of
the associated horizontal displacements as foilows:



€x.

E—O-d-: = iAsin §, (26)
where

A=1 for j =1 (27
and

A=-2 _ for j=2, (28

k2
Mutatis mutandis A = 1 for incident SH waves.
These strain amplitudes depend on (i) the angle
of incident waves, and (ii) the Poisson’s ratio v.

The strains lag the horizontal motion u, (u3) by
w/2.
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Fig. 1. Caordinate System and Particle Motions for Incident P-Wave (Ao), Refiected
P-Wave (Al) and Reflected SV-Wave (A, ). Ground Motion is given by u, and u,.
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Fig. 3. Normalized ex2 (for koAg = 1) versus Incidence Angle 60 of P-Waves
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Fig. 4. Coordinate Systems and Particle Motions for Incident SV-Wave (A ), Reflected

P-Wave (A, ), and Reflected SV-Wave (A, ). Ground motions are given by u, and u,
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Fig. 6. €x, (for k A, = 1) versus Incidence Angle g, of SV-Waves
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Fig. 7. Coordinate System and Particle Motions for Incident SH-Wave (Ao) and
Reflected SH-Wave (A, ). Ground motion is given by u,
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Fig. 8. Normalized Ex2 (for kvo = 1) versus 00 for Incident P-Wave
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Fig. 9. Normalized €x2 (for koA, =1) versus §, for Incident SV-Wave
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