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SURFACE MOTION OF A SEMI-ELLIPTICAL ALLUVIAL
VALLEY FOR INCIDENT PLANE SH WAVES

By H. L. WonG AnND M. D. TRIFUNAC

ABSTRACT

By using the exact amnalytical solution for the two-dimensional SH-wave
propagation in and around an elastic inclusion whose cross section corresponds to
one half of an ellipse, we have examined those aspects of the resulting ground
motion that are of special interest for earthquake engineering and strong-motion
seismology. Computed amplitudes and phases of periodic ground motion display
complicated wave-interference phenomena that lead to nearly-standing wave
patterns, abrupt changes in the amplification of incident motions along the free
surface of the alluvial valley and strong dependence of the overall motions on the
incidence angle of SH waves. By comparing the amplification patterns derived
from the exact model with the amplifications computed on the basis of an equivalent
single-layer model excited by the vertically incident shear waves, we have
demonstrated that this approximate representation may lead to meaningful results
only if the wavelength of incident waves is longer than the characteristic dimension
of the alluvial valley. Although simple, we expect that the model presented in this
paper might explain qualitatively the vibrations of some alluvial valleys excited
by SH components of strong ground motion.

INTRODUCTION

Field observations following large earthquakes have indicated that the areas of intense
damage may be highly localized (e.g., Jennings, 1971; Sozen et al., 1968; Hudson, 1972;
Gutenberg, 1957; Richter, 1958). Although numerous factors, such as the overall quality
of construction and the poor soil conditions, may have contributed significantly to such
observations, it has been suggested frequently that one of the principal causes for the
observed distributions of damage should be attributed to the amplification of incident
waves by the local geological and surface soil conditions. Consequently, in earthquake
engineering and strong-motion seismology research, significant effort is now being directed
toward better understanding of these amplification phenomena (e.g., Tsai, 1969; Aki
and Larner, 1970; Boore, 1970; Trifunac, 1971). To this end, we investigate in this paper
the amplification patterns and other related phenomena associated with the plane SH-
wave motion in and around the semi-elliptical alluvial valley. Although there might be
only a few known alluvial valleys with a cross section that resembles one half of an
ellipse (Trifunac, 1971), the exact nature of the solution presented in this paper enables
us to understand and explain many important properties of the two-dimensional wave
propagation in similar geometries. Furthermore, we expect that the exact solution
presented in this paper for the elastic unattenuated SH waves should be of some use for
critical calibration and checking of the approximate finite element (e.g., Dezfulian and
Seed, 1969) and finite difference calculations (e.g., Boore et al., 1971) which were recently
developed for the related wave-propagation problems.
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THE MODEL

The model to be analyzed in this paper is shown in Figure 1. It consists of a semi-
elliptical elastic inclusion for & < &, and the elastic isotropic and homogeneous half-
space. To facilitate the analysis, we define the half-space by y < 0 for the shallow elliptical
inclusion and by x = 0 for the deep elliptical inclusion, the focal length of the elliptical
coordinate system being a in both cases. The contact between the inclusion and the half-
space is assumed to be welded. The material properties in the half-space are given by the
rigidity 4 and the velocity of shear waves 5. To designate these and other quantities for
& < &,, we will employ the subscript or superscript v.
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Fii. 1. Shallow and deep semi-elliptical alluvial valleys and the coordinate systems used.

The excitation of the half-space, u,’, will consist of an infinite train of plane SH waves
with frequency w and the nonzero motion in the z direction only

uzi = €Xp {——ia)(z‘—x/cx—y/cy)},

where ¢, = f/cos 8 and ¢, = B/sin  are the phase velocities along the x and y co-
ordinates. Far from the inclusion, the u,” waves reflect from the free surface, y = 0,
interfere with the incident waves, u,’, and give

i+tr__
z

wtr=u4u’ = 2 exp [—iw(t—x/c,)] cos (wyfc,).

SOLUTION OF THE PROBLEM
The Elliptical Coordinates

It is, of course, convenient to use the elliptical coordinate system to solve the boundary
value problems for media with boundaries described by ellipses and hyperbolas.
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The elliptical coordinates are the radial coordinate, £, and the angular coordinate, 7.
They are related to the rectangular x—y coordinate system by

x = acosh & cos gy O0<é< o (1.1)
y = asinh &sin g 0<n<2n. (1.2)

As & — 0, the ellipse reduces to a line, and for £ — oo, the ellipse tends to a circle.

The minor-to-major axis ratio for the ellipse with £ = &, is

mmor axis

R = tanh ¢, (1.3)

Il

major axis
where

major axis length = a cosh &

. (1.4)
minor axis length = asinh £,
and a is the focal length.

From (1.1) and (1.2) one may solve for # and £ in terms of x and y simultaneously to

get
X 2 ¥y 2
(a cosh é) +(c?siﬁr§) =1 (1.5a)

x \2 y )2
( ) ~< . ) =1 (1.5b)
acos asing

an ellipse for £ and a hyperbola for #.

The Wave Equation

One can show that the harmonic wave equation has the time-independent part satisfy-
ing the Helmholtz equation

oy oy,
55—2+5?+k =0 2.0
where
k =w/f. 2.2)
Using equations (1.1) and (1.2) we can transform (2.1) to elliptical coordinates
w lp 27,2 2 2
a£2+»—+a k*[cosh® £ —~cos® ]y = 0. (2.3)

The most general solution of equation (2.1) (Morse and Feshbach, 1953) is of the form

Y(x, y,t) = F[x cos u+y sin u—ctldu. (2.4)

However, if the boundary is a rectangle, a circle, an ellipse, or a parabola, the integral
(2.4) may degenerate to an infinite series of the form (Mow and Pao, 1971)

@O

Y. AnZn(&)H,(n).

m=0

The functions Z,, and H,, are then solutions of the separate ordinary differential equations
in ¢&and n.
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For the elliptical coordinates the functions Z,, and H,, are the solutions of the ordinary
differential equations

d’H
an? +(b—2qgcos2n)H =0 (2.5)
d*zZ
;1? —(b—2gcosh28Z =0 2.6)
where
a’w?
g=1ta?k? =1 7 Q2.7

Equation (2.5) is called the Mathieu’s equation, while (2.6) is called the modified
Mathieu equation because it reduces to (2.5) if £ is replaced by —in.

We shall look for periodic solutions of (2.5) only, since  must be the same at n = 0,
n = 2nn, etc. These periodic solutions exist only for a countable number of discrete
values of b, which are the characteristic values. (Note that b — m? if ¢ > 0, and that
the eigenfunctions then become cos mf and sin m#f.)

Since H,, is periodic in 7, it may be expressed as a Fourier series of sines and cosines.
The solutions, known as Mathieu functions, may be divided into the four different types
(e.g., Morse and Feshbach, 1953; Meixner, 1954)

0

cesn(n, q) = 3, A37(q) cos 2ry even in 7
=0 periodic with period «
S€am+2(1, q) =§OB‘2%'"+2>(q) sin 2ry odd in #
2.8)
Cenmni1,0) = 3 AZTIV() cos Qr+yn evenin g

" periodic with period 2z
Seam+1(M, q) = ZO-B(zﬂT Yg)sin 2r+1n  oddin gy

Each eigenfunction corresponds to an eigenvalue be,,, or bo, (even or odd). Corres-
ponding to the same eigenvalue, we have the solutions of (2.6), which are called modified
Mathieu functions

Mc(21n3’ MS%}”)_,_Z, Mc(zlnz-#l ’ Msé},,)ﬂ .

As g — 0 these solutions become Bessel functions J,,. Also, solutions
2 2 2 2
McR), Ms$G) 40, McS) .y, Ms$)

become Neumann functions Y, as ¢ — 0. Linear combinations of the above are also
solutions
Mc3) = M) +iMcE)
M) = M) —iMc3).
Asqg—0
Mc3) — Hankel function of the first kind and

Mc$Y — Hankel function of the second kind.

The above “radial” solutions may be expanded in series of Bessel functions once the
coefficients A3™(q), B2, 2(q), A7 (q) and B3I"!/'(g) are known. These coefficients may
be calculated by a recursion relation, and are also available in tabulated form for limited
values of g (Abramowitz and Stegun, 1964; Meixner, 1954).
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The Plane Wave in Elliptical Coordinates

The plane wave traveling in the direction with its positive normal making an angle 6
with the positive x-axis is

u,' = exp (—iwt) exp [ik(x cos 8+ sin )], 3.1
using (1.1) and (1.2), (3.1) can be transformed into the elliptical coordinates
u,' = exp (—iwt) exp [ika(cosh & cos n cos §+sinh & sin 7 sin §)]. (3.2)
Letting
W = cosh £ cos # cos 8 +sinh & sin 7 sin 8 (3.3)
and since
ka = 2+/q

[from (2.7)], there follows
u,’ = exp (—iwt) exp (12 Vg W). (3.4)

Since (3.4) [i.e., (3.2)] is periodic in 6, it can be expanded into a generalized Fourier series
of Mathieu functions

w! = 3 [Cocenl0,0)+ Dysen(®. ), (3.5)
where (by orthogonality of these functions)
C, = %Jznexp (i2 Vg W)ce, (0, 9)do (3.6a)
]
1 2n _
D, = 7_3( ) exp (i2 Vg W)se, (0, q)db. (3.6b)

The integrals in (3.6a) and (3.6b) are evaluated as (Abramowitz and Stegun, 1964;
Meixner, 1954)

[ exp (i2 Vg W)ce,(0, 9)d0 = 2mi™ce,(n, 9)McP(E, q)
§2% exp (i* Vg W)se,(0, )d0 = 2ni"se,(n, 9)Ms (E, q).

Hence, the plane wave expansion in terms of Mathieu functions becomes

ut =2y i"ce,(n, PMcO(E, q)ce, (0, )+2 Y. i"se,(n, QMsI(E, g)sen(0,q). (3.7)
m=0 m=1

The Elastic Inclusion: An Elliptical Valley

We now proceed to solve the problem of a half-space where the elastic properties
inside the elliptically shaped valley, ¢ < &, are different from those outside & = &,.
The solution inside the valley, u,* for £ < &, must satisfy the differential equation

Viu, +k,2u’ =0 4.1
and the boundary conditions
ou,’

U, e 0 atn =0, —mand |x| > a (4.2a)
ou,’

0 até =0and|x| < a (4.2b)

lluE=
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where p, is the rigidity for £ < &,. We note that within the focal length, the normal
derivative is no longer ¢/0y but d/0¢.

The solution outside the elliptical valley, u, =ul* "+u,®, (where u, represents the wave
scattered and diffracted from & = ¢, and motion «.*" is the complete solution of the

homogeneous half-space problem for incident u,' waves) must satisfy the differential
equation

Viu,+k*u, = 0 4.3)
and the boundary conditions
0 )
ua—n wr+u )y =0 atn=0, —n 4.49)
w? = wR+ultt  até =& 4.5)
M p ey att = 4.6
=u— (wr+u at& = ¢,. )
Hy 65 'uaf z z 0 ( )

Case A: Shallow Valley. We take the coordinate system as shown in Figure 1 and the
half-space defined by y < 0. The solution in the homogeneous half-space u.*" is then
obtained by adding the series (3.7) for angle 8 to another series (3.7) for angle — 6. Since
se,(8, q) are odd in 0, their contribution cancels out and there follows

ui+r =4 ZO(— l)mceZm(na q)Mc(ZInZ(é’ q)ceZm(95 q)

m=

+4 3 (= Dicems1(, M1, )2 +1(0, ). (4.7)

m=0

The solution u, %, the wave reflected from the valley, may be taken to have the form

0

u;” = ZO [a,Mc D&, g)ce,(n, @) +bMsP(E, g)sen(n, @], (4.8)
since McP(&, q) and Ms{P (&, g) are solutions corresponding to the outward propagating
waves. Since u:*" already satisfies the zero-stress condition at the surface y = 0, we now
require that

d

U—@® =0 atn=0, —=x.

on

Since,

d
only — ce,(n,q) = 0 atn =0, —=n
dn

and

d

—“sem(’]’Q)#O at g =Oa -,
dn

the solution u,® must have the form

uR = Z [azmMC‘i,.f(é, g)ce, (1, q) +azm+1Mszsr3+1(f: qecermr i, 9] 4.9)

m=0

The solution inside the elliptical valiey may be written as

ul =Y [a,McAPE, g%+ caM (&, g¥)ce,(n, ¢%)

m=0
+/uM P&, %)+ e, MsSP(E, g*)sen(n, %)) (4.10)
where
g* = (a*w?[4B,%).
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All terms with se,(n, ¢*) drop out because (d/dn)se,(n, ¢*) # 0 at n = 0, —n. Although
the function Mc{? is “finite” at the focal length but its derivative is nonzero, i.e.,

(dlde)Mci(é, q*)y #0  até=0
therefore

u' = 3 caMci(€, q*)ce,(n, 4%). (4.11)

m=0

Separating (4.11) into functions with period 2z and = yields,

= ZO[sz (1)(57 g*)cern(n, q )+02m+1MC(21»3+1(f,q*)cezmﬂ("lyq*)]- (4.12)

The displacements %" +u,” and u,” must satisfy the boundary conditions (4.5) and (4.6)
by which the coefficients a,,,, d3m+15 Cams and ¢+, may be determined. The first
condition (4.5) requires

Z [CZMMC“)(éO’ g*)cerm(n, *)+sz+1Mczm+1(an *)eezm+1(M, %)

m=0

s

A [a2m C(B)(fo, g)ces (1, q)+azm+1MC(2,2+1(fo, g*)cerm+1(1, 9)]

]

n

+ ZO [4(_ 1)mceZm(n: q)Mc(Zlnz(éO ’ q)ce2m(9’ C])
FA(—1)"ce 41 (1, M 1 1oy @)1 1(6, D). (4.13)
Similarly condition (4.6) requires
:uu Z [CZmMc( 1)’(€O ’ q*)ce2m(r]9 q*) + 62m+1 Mc2m+l(éo ’ q )C€2m+1(’1 q*)

=u Z, [@amMcS3 (€, g)cern(n, @)+ Ao MG 1 (Eg, g)Ce 1 (M, @]

+u Z [4(—1)"cezm(n, )Ml (o, 9)cern(0, 9)

+4(_ ]) lC€2m+1(}’[, q)Mc(Zin)zi—l(éo > q)ceZm+ 1(09 q)] . (414)

Here ““>” designates the derivative of a function with respect to . Since g and g* are not
the same for both media, i.e.,

“

g = a’0?/4f* and gq* = d*w?/4p2,

and the Mathieu functions with different values of ¢ are not orthogonal to each other,
the coefficients a,, and c,, may not be separated term by term, rather, infinite matrices
result from the expansion of ce, (%, ¢*) and ce, (1, ¢) into the Fourier series

ceym(n, 4%) = Z A2m* cos 2ny

cerm(f, @) = Z A3™ cos 2ny
n=0

angl

o)
Crm+1(1, 4%) = Zo A%:j’f* cos 2n+1)n

n=

Clrmi1(M, q) = Zo A‘;",',"fll cos (24+ 1)y.
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These matrices are

— - 4 - -
(a) ) (2) 2k, (1) 2y (D) 2w () T had u.2m @
-A2Mcy' A3¥Mcg -A%Mc, AT Mc, -+ -APMc, Ag Mey, 2, 4 30 (VA Me ez (0.9
m=0
@
3 ) 2,, @ Py 2% 1P @ My o2k, () s 2a ()
A" BT ATMEY Al TEATMR ATMEGY SEATMe | o 4 3 (AT Me e, 00
m=0
@
o W 2 ok, () 2s @ awk Q) & 20 (1)
~AgMc, A:*Mcc "AzMC(:) Aj Mc, v -AgMcy, Ay Mo, - ag 4 Z (-1 &, Me, ce, (6,9)
m=0
@
(ap ah @ By e @y, e @ My ek (@) 2o Q)
"AgMco P:Az Mec, "Ach? TAZ Me, -A; Mc,, TAz Megy *°* €2 4 E (-1 A, Mcj ce, f8,9)
= m=0
) 2k, . () (3) ami (1) T 2o
-AgnMC(O) Ag’:Mc‘Ol) -A' Mcta) A‘ZnMcz o A:s Meg, A2n Mez, o 32e 4 Z (- I)AZnMCchezn(e'
®
ap My @ 2 @y Py o 2x 0B an,  @p Py 2wk (3)’___ NG ay
'AgnMc(o TAQ:(MCO -AgMe, TAQu Me, -Ag Mgy Aan 2u Can 4 Z (-1} Az Mc, ce, (8.9
m=0 .
— “r A r -
(@ (3) 3k () 251, (3) 23 ) 2n4l,
-A Mo Kx*MC? ~ATMe; Ay Me, e eA] Meg,, A Moy t|m 4 Z t1ay M%nucezm(e»q)
m=0
» (ab s A, (@) 2! an 2 2
-AlMcy “:’Al M -ATMe, %A Mo e AT EY "”Mc,m1 ey 4 Z (AT Mg cennn(69)
m=0
) @ £ AP @ 2%, @ 2us
-A;Mc(f .A:':Mc?) -A:Mc; A'ZMC; e A Meg L, A, lMCz.u. oo a, 4i E (A Ml‘/lgﬁlcezm(e,q)
3
{8 3% @) Py 2841 (1) 214 e
-almey -'f;—’Ala*Mc‘f" -AoMcy —'L’_%Aa McS” ot BT Megun LAs Megn||cs [=|4 E (1A Mo ces,a(8d)
@ )
1) 3 @ 3% ) R any_, 3 am 1) . » Zmad @
znuMcx A2n41Mc11 “AgaMcy Ay aMeg eAgaMeg, Ag oMo, 2351 4 Z F1) Ap iy MCp piCez (8,9
m=0
@ k- * {2)! 3k W, 2a1_ (30 EEORC 2 2me
’AlznuMcla, _vAlznuMCl AznuMca ' p:AznnMca * -AgnaMegay }LAQMI Coan’"| ! Com-l 4 E ('l)Azn-.lM%nncea.d(e-Q)
m=0 .
L L R I N
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Case B: Deep Valley. For this case, it is convenient to redefine the half-space to be
x = 0asin Figure 1. The formulation of the problem remains the same, but the boundary
condition (4.2) is changed to

ou’ n
T2 ty = +- 4.15
"o atn = &5 (4.15)
and the boundary condition (4.4) becomes
0 i
b S @E Uty =0 atn=+-. (4.16)
on 2

All other boundary conditions remain unchanged. The half-space solution for this case,

u,”", is obtained by adding the series (3.7) for 6 to the series for 7 —@.

Since

Clrmr1(m—0,9) = —cey,41(0,9)

and
Sezm(ﬂ' - 6’ q) = - SeZm(es q) 9

all the terms with ce,,, +, and se,,, drop out and the solution becomes

U =4 Y (=1 cerm(n, QM g)ce (0, 9)
m=0

43 (= 1Yisesn(n, M, @)sesn(, @) (4.17)
m=0

Also, since

d ‘n
d71 CeZm+1(r’7 ‘l) # 0 at n= i“z

d b
515@2":('7"1) #0 n=+

N

the wave scattered from and diffracted around the valley, u,®, becomes

qu = ZO [almMc(ZZ:rz(éa q)ceZm(rly q) + aZm+ 1 M‘Y(Z;;n)—f 1(5, 4)5€2m+ 1('1’ q)] . (4 1 8)

The solution inside the valley is
uzv = ZO [szMC(Zl,:(é, q*)ceZm(rl’ q*)+c2m+ 1 MS(21m)+1(€’ q*)S€2m+ 1(’75 q*)] - (419)

The boundary condition (4.5) now gives

ZO [CZmMC(err:(CO ) q*)ce2m(’1, q*) + Com+1 MS(ZL:)—} ](CO E] ‘I*)Sezm+ 1(’1’ q*)]

= Zo [aZmMC(23m)(éOS 9es, (10, @)+ g0 41 Msz,(n3+)1(fo 2 95301 1(1N, 9)]

P8

+ [4( - ])mce?.m(r]7 Q)MCEI,J(CO ’ Q)Cezm(@, q)

0

m

F A=) 5€ g+ 10, QMG 11 (Eo s g)ses, 410, )], (4.20)
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while the boundary condition (4.6) gives

Auv Z [szMC(l)’(fo ’ q*)ceZm("’ q*) + c2m+1MS(2:n),+ 1S€2m+1()’], q*)]

m=0

Z, az.nMC‘z?.?’(éo, q)ce (1, ‘1)+a2m+1M52m¢1532m+1(’7,‘1)]

+u Z [4(—1)"cesn(n, Mch,) (Co, G)cern(6, q)

m=0

+4( - I)MI SeZm+1(’15 q)MS(Zin);l(io > q)S€2m+ 1(0, q)] . (4'2)

Since the functions se,,,.; may be expressed as

s€2m+1(M,q%) = Y BImH sin 2n+ 1)y
m=0

S€am+1(M,q) = Z B+l sin 2n+ 1y,

n=0
the infinite matrices have the same form as before except that

A7 becomes Bl

2m+1 2m+1*
A3 becomes B3y,

Mc‘”L1 becomes MsS))., (same for the derivatives)
Mc) ., becomes MsS) | (same for the derivatives)
ce,,,., becomes se,, .

These changes, of course, occur only in the second matrix, the first matrix remaining
unaltered.

CALCULATION OF THE COEFFICIENTS

It is numerically impossible to invert an infinite matrix and a possible alternative is to
approximate it by one with finite dimensions. Fortunately, the coefficients 437"/, A3,
BIr:l etc., are usually the largest and close to 1if # & m. For n = m4 3, the coefficients
may be less than 1/100. This indicates that the matrix is “essentially banded,” since the
diagonal terms are large compared to the off-diagonal terms. This is a favorable situation
because it means that a, will not depend much on a5, a-, etc., while a5 will not depend
much on a,, a4, a,,, etc., so that the penalty for terminating the infinite matrix will not
be severe for a range of ¢ that is not too large. It is, of course, wise to calculate more than
the number of coefficients necessary and to discard the last few that contribute less than
the round-off errors. Excellent results have been obtained by calculating 20 coefficients
and discarding the last six.

SURFACE DISPLACEMENTS

From the earthquake engineering and strong-motion seismology viewpoints, it is
useful to examine the amplitudes and phases describing the motion at various points
on the surface of the half-space. Since we have assumed that the excitation consists of an
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infinite train of S H waves with amplitude 1 and frequency o, these amplitudes and phases
are readily available from the solutions (4.7), (4.9), and (4.12) for the shallow valley and
from (4.17), (4.18), and (4.19) for the deep valley. For the complex displacements, w,
we define

amplitude = {Re?(u)+ Im*(u)}'/?

phase = tan~! (Im(u)/Re(u)).

These amplitudes and phases depend on the frequency and the angle of the incident
waves, the ratio of the major to minor axis, R, of the semi-elliptical valley, and on the
material constants, p, p, (p = u/B*; p, = u,/p?), B, and B, or on the dimensionless
parameters kA4, p/p,, B/B,, R, and 0. The parameter k4 = wA/f is also equal to 2n4/A.
Since A is equal to ST it becomes convenient to think in terms of another dimensionless
parameter given by ETA = 24/A (for the deep valley ETA is equal to 24/AR) where 24
is the width of the alluvial valley. This choice of the dimensionless parameter ETA has
been motivated by its physical meaning linking the maximum dimension of the alluvial
valley with the wavelength of the incident SH-waves.

Figures 2 through 5 present the amplitudes and phases plotted versus x/4. For
simplicity in comparing the different figures and in contrast to the coordinate systems
used in derivations of the mathematical solutions, for Figures 5 and 6 we use x as the
horizontal (lying in the half-space boundary) and y as the vertical coordinate. Also for
uniformity, in all figures THETA = 0 corresponds to the horizontal (grazing) incidence,
while THETA = 90° corresponds to the vertical incidence of SH waves. The ratios
Ho/p = 0.167 and p,/p = 0.667 used for presenting all the figures correspond to the
ratio B/B, = 2.0. Figures 2, 3, and 4 present the amplitudes and phases for the shallow
elliptical valleys with the minor-to-major axis ratios R = 0.1, 0.3, and 0.7. Figures 5 and
6 present the same for the deep elliptical valleys and for the minor-to-major axis ratios
R = 0.7 and 0.5.

As may be seen from Figures 2 through 6, when ETA increases (the incident wave-
length A decreases) the influence of the valley on the motion of the surrounding half-
space and the complexity of motion in the valley increase. This is in accord with our
expectation that the long waves do not “feel” the geological discontinuities with charac-
teristic size smaller than the wavelength in question, whereas the short waves are sensitive
to such irregularities.

For short incident waves, small angles of incidence and for x/4 typically less than 1,
significant standing-wave patterns may develop in the valley and for x/4 less than
—1, i.e., in the direction from which the incident waves arrive. These waves develop
from the interference of the incident plane SH-waves and the elliptical waves scattered
from and refracted through the discontinuity at ¢ = &, near x/4 = —1. The standing
wave patterns also develop within the valley because for the grazing and acute angles of
incidence the soft to hard jump in the rigidities at x/4 = 1 acts as a barrier which reflects
appreciable amounts of the wave energy back into the direction of decreasing x/4. These
standing waves are further characterized by several points along x/4 where the dis-
placement amplitudes are zero or are very small and where the phase experiences a jump
of essentially 180°. These jumps in the phase diagrams indicate that at these points the
ground motion has essentially a torsional character. More detailed discussion on this
type of motion and its possible implication may be found in our paper dealing with the
vibrations in the semi-cylindrical alluvial valley (Trifunac, 1971) and therefore will not
be repeated here.

The phase of surface displacements is plotted in Figures 2 through 6 relative to the
phase at x/4 = 0, arbitrarily set to zero, for convenience in presentation. In the absence
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of the alluvial valley this phase would be a straight line
phase (x/d) = —— ~ = — — —cos #
¢

and its slope would increase for 6 decreasing. Since ETA = 24/4,
phase (x/4) = —n(x/A)ETA cos 0,

and it is seen that with higher ETA the slope of the phase (x/A4) increases. The Figures 2
through 6 clearly show these trends in the phase diagrams and demonstrate that the
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overall nature of the wave propagation is from left to right, as it would be in the absence
of the alluvial valley. The local jumps and departures in the phase diagrams from this
simple picture are, of course, caused by the interference and scattering of waves in the
presence of the alluvial valley. '

In engineering practice the approximate model employed in evaluating the influence of
local site conditions on the amplification of vertically incident plane S waves consists of
a layer of constant thickness H. For the material properties u, and §, of the layer over-
lying the half-space (characterized by y and $) and for the incident waves with frequency
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w and amplitude equal to 1, the amplitude of surface displacements becomes (Haskell,
1960).
amplitude = 2{cos” (wH/,)+ (u,B/up,)* sin® (wH[B,)}""'*

The maxima of this function occur at wH/f, = (2m+ 1)n/2 and are equal to 2uf,/u,B.
To explore the applicability of such a simple approximate model we plotted the above
amplitudes versus x/4 in Figures 2 through 6. We note that in different diagrams in
Figures 2 through 6 the frequency w and pf,/u,B are fixed. Only H, the depth of the
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“‘equivalent” layer, changes with x/4 and has been selected to correspond to the depth
of the elliptical valley at x/4. For p,/u = 0.167 and p,/p = 0.667 the maximum
amplitude of surface motion is 6. For deeper valleys, when H varies more rapidly with
x/A and for larger values of ETA, it will be seen that some of the peaks of the above
amplitude appear to be “cut off” and smaller than 6. This is merely a consequence of the
finite number of points used in the computer program that plotted these amplitudes.
Detailed comparison of the surface displacement amplitudes derived from the
horizontal layer approximation with those derived from the exact solution in this paper
shows that in some limited cases the horizontal layer approximation may lead to good
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estimates of surface ground displacements. It seems that wH/B, should be less than 7/2
for this approximation to hold (Figure 2). For “‘deeper’ alluvial valleys where the local
depth exceeds f,n/2w, the approximate amplification pattern predicted by the horizontal
Jayer model has nothing in common with the exact solution. This disagreement can be
explained by the two-dimensional nature of the exact problem displaying horizontal as
well as vertical interference patterns, whereas the equivalent horizontal layer model can
support only the interference of SH waves in one dimension.

g1
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The two-dimensional focusing effects, especially in cases of deep elliptical valleys, lead
to large surface amplitudes between x/4 = 0 and x/4 = 1. These amplitudes, often
larger than 2uB,/u,B, are caused by the strong concentration and constructive inter-
ference of the waves incident from left and the waves reflected from the discontinuity
E=¢atx/4 =1,

CONCLUSIONS

The pattern of surface displacement amplifications for the semi-elliptical alluvial
valley has been found to change rapidly over short distances and the amplification accom-
panying these rapid changes has been found to vary by as much as one order of magnitude.
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The overall degree of complexity of the amplification pattern and the observed maximum
amplitudes both increase with the increasing frequency of the incident plane SH-waves.
The computed amplification curves for the steady-state excitation seriously depend on
the angle of incidence of the SH waves. This dependence is reflected in the change of
spectral amplitudes, complete disappearance and occurrence of local peaks, and the
change in overall trends of the displacement amplitudes as 8 varies from 0° to 90°.

A comparison was made of the amplification patterns in the semi-elliptical valley
with the amplifications derived from the simple horizontal layer overlying the half-space
and excited by the vertically incident S-waves. The layer thickness has been selected to
correspond to the local depth of the elliptical valley. It has been found that for a limited
range of w, §,, and H, given by wH/f, < n/2, the two amplification patterns agree for
shallow alluvial valleys. For wH/f, > n/2 there is no resemblance between the exact
and approximate amplitudes computed from the ‘‘equivalent” horizontal later. This
conclusion seems to be important for many engineering applications when the explanation
of the amplification effects possibly caused by the local soil conditions is attempted by
employing the simple horizontal layer overlying the elastic half-space.
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