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a b s t r a c t

Peaks of transient strains in a layer over semi-infinite half space are amplified by interference during

up- and down-propagating waves, and they depend upon the impedance ratio of the layer and of the

half space, as well as the wavelength. The amplification of incident motion on the ground surface is

usually described in the frequency space for the response to a steady state, periodic excitation. To

understand how this amplification develops for transient responses and for applications in which the

linear theory leads to satisfactory answers, this paper describes the amplification in time in a layer

excited by a shear-wave pulse. It is shown that the maximum amplification is equal to 2 for a ‘‘stiff’’

layer on a ‘‘soft’’ half space, and equal to 4 for a ‘‘soft’’ layer on a ‘‘stiff’’ half space, when the layer

thickness corresponds to the quarter wavelength of the wave in the layer.

& 2010 Elsevier Ltd. All rights reserved.

1. Introduction

With exception of soft (low-velocity) and cohesionless soils,
most sites at moderate and large distances from earthquakes
respond to shaking by intermediate and small earthquakes in
essentially a linear manner. Analyses of the repeated recordings at
the same strong-motion stations and of multiple recordings in the
near field show that the strains smaller than approximately 10�5,
in typical soils, can be described by the linear theory
[27,28,32,33].

In this paper we present closed-form solution for the
amplification of strains in a layer over half space subjected to
half-sine pulse, assuming linear deformations and no damping.
The response of a layer over half space subjected to seismic waves
is a well-studied subject in a large number of papers and
textbooks (e.g. [2,1,10]). Wave-propagation methods in earth-
quake engineering analyses of the linear response of soil layers
and of buildings have been used since the 1930 s [16,17,8,9]. In
the following, the elementary aspects of wave propagation
through a homogeneous shear layer will be used to study the
relationships among the amplitudes of incident pulses and of the
layer response, with emphasis on amplification of transient linear
strains. One-dimensional (1-D) representation of shear waves will
be used [18,13–15]. Because this model also describes shear
waves in wide buildings (where the rocking response associated
with soil-structure interaction can be neglected), some of the

results of this analysis will also be useful for understanding the
elementary aspects of nonlinear response of such buildings [4,5].

Gičev and Trifunac [7] describe the behavior of the same
physical model as in this paper, but for large pulse amplitudes,
and for nonlinear response, for the assumed bi-linear stiffness
representation of the soil. The present study complements that
work and extends it to small amplitudes of excitation.

2. Model

We consider horizontal shear deformations, u, in a 1-D model
of soil layer supported by a half space and excited by a vertically
propagating shear wave represented by a half-sine pulse (Fig. 1).
The linear equation of motion for this problem is

vt ¼ ðsÞx=r, ð1aÞ
and the relation between the derivative of the strain and the
velocity is

et ¼ vx, ð1bÞ
where v, r, s, and e are particle velocity, density, shear stress, and
shear strain, respectively, and the subscripts t and x represent
derivatives with respect to time and space.

The domain for analysis consists of two materials (Fig. 1a): (1)
xo0, with physical properties rs and bs, representing the half
space, and (2) 0oxrHb, with physical properties rb and bb,
representing the soil layer. v¼qu/qt and e¼qu/qx are the velocity
and the strain at a point, and u is out-of-plane displacement of a
particle perpendicular to the propagation ray. It is assumed that
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the incoming wave is known and that its displacement as a
function of t is prescribed, as in Fig. 1b. It consists of a single half-
sine pulse, with peak displacement amplitude A and duration td,
and it propagates with velocity bs

u0 ¼ Asin
p
td

t� x

bs

� �
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� �
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�td

� �� �
, ð2Þ

where H is the step function.
The half-wavelength of this pulse is Lw¼tdbs.
Following [5] and [7], the linear displacement and the strain in

the linear layer are
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and
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where j is the order number of the passage of the wave along the
path bottom-top-bottom in the layer, tj¼2jHb/bb (j¼0,1,2,3,y.,) is
the time required for the wave to pass j times along the path
bottom-top-bottom (two heights), and

kj ¼ ktk
j�1
r ð5Þ

is the amplitude factor of the pulse in the half space during its jth
passage along the path bottom–top–bottom through the layer,
with kt and kr determined by the continuity of the displacements
and stresses at the contact. For a transmitted wave from medium
B to medium A, and for a reflected wave from medium A back into
medium B, these coefficients are

ktrB-A ¼ 2½1þðrabaÞ=ðrbbbÞ��1 ð6Þ

and

krefB-B ¼ ½1�ðrabaÞ=ðrbbbÞ�=½1þðrabaÞ=ðrbbbÞ�: ð7Þ
For the opposite direction of propagation, the numerators and

the denominators in these fractions exchange places.
The odd terms in the series of Eq. (3) and Eq. (4) describe the

response to the pulse coming from below, while the even terms
describe the response for the pulse arriving from above. To
describe this response in dimensionless terms, and to maintain
continuity in notation with our previous studies (dealing with
nonlinear layer response, [4,5,7]), in the following we will use the
following dimensionless parameters:

dimensionless amplitude a¼ A=ðHbUeybÞ, ð8Þ

where A is the amplitude of the pulse (Fig. 1b), Hb the thickness of
the layer, and eyb the yielding strain in the layer, and

dimensionless frequency Z¼ 2Hb=lb ¼ 2Hb=ðbbU2tdÞ ¼Hb=ðbbUtdÞ,
ð9Þ

where lb is the wavelength of the wave in the layer, bb the shear-
wave velocity in the layer, and td the duration of the incident
wave represented by a half-sine pulse (Fig. 1b).

3. Analysis

3.1. Limits of linear response

To describe the amplitude-frequency space in which the layer
response remains linear, we describe the limits of linear strain
response (following [7]).

The constant that multiplies the series in Eq. (4) in terms of
dimensionless amplitude and dimensionless frequency is

Ap=ðbbtdÞ ¼ Ae ¼ paZeyb: ð10Þ
To determine the limits of linear strain, we consider two

fictitious points in the layer: (1) point B (x¼0) at the layer-half
space interface, and (2) point T (x¼Hb�bbtd/2), where the
amplitudes of the strain with the same sign meet after reflection
from the top of the layer. To find the location of this point, we use
Eq. (4). Its first term is 1 if the argument of the cosine function is
equal to td (t�t0�x/bb¼td), and the second term is 1 if the
argument of the second cosine function is equal to 0 (t�t1+x/
bb¼0). We then solve the system of two equations for x and t for
t0¼0 and t1¼2Hb/bb.

The position of T, where the strain amplitude is two times
larger than the strain entering the beam, is at x¼Hb�bb � td/2, and
the time when this occurs is t¼Hb/bb+td/2. From Eq. (4), during
the first passage of the pulse, to2Hb/bb, and at point B only the
first term in the series exists. The strain at point B reaches its
absolute maximum at the very beginning, during the entrance of
the pulse into the layer, and its value is

9e1Bmax9¼ paZeybkt : ð11Þ
The condition for the strain at this point, to remain linear, is

9e1Bmax9oeyb, or, in terms of the dimensionless parameters
assuming rb¼rs

aZoðpktÞ�1 ¼ ðbbþbsÞ=ð2pbsÞ ¼ CB: ð12BÞ
At point T (this point does not exist if td42Hb/bb, and it

coincides with point B if td¼2Hb/bb), from Eq. (4), the maximum
strain during the first passage occurs at t¼Hb/bb+td/2, and its
amplitude is 2Ae � kt. The condition for the strain to remain linear
is

aZoð2pktÞ�1 ¼ ðbbþbsÞ=ð4pbsÞ ¼ CT ¼ CB=2: ð12TÞ

Fig. 1. Soil layer and incoming strong-motion displacement pulse: (a) model of

the soil layer and (b) the pulse in the half space.
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For example, for the shear-wave velocities bs¼250 m/s, and
bb¼100 m/s, and rs¼rb¼2000 kg/m3, we find that CB¼0.2228
and CT¼0.1114.

When the reflected wave from the top of the layer reaches the
soil-half-space interface (t¼t1), the wave begins the second
passage. The linear solution for the strain in Eq. (4) at B now
involves three terms in the series if the duration of the pulse is
longer than 2Hb/bb, and two terms for shorter pulses. The solution
at time t¼2Hb/bb¼t1 is

eð0,t1Þ ¼ Aefk1½�cosð2pHb=ðbbtdÞÞþcos0��k2Ucos0g ð13aÞ
or

eð0,t1Þ ¼ paZeybktð1�cos2pZ�krÞ ð14aÞ
when td42Hb/bb (Zo1/2), and

eð0,t1Þ ¼ Aefk1Ucos0�k2Ucos0g ð13bÞ
or

eð0,t1Þ ¼ paZeybktð1�krÞ ð14bÞ
when tdo2Hb/bb (Z41/2).

Comparing Eq. (11) and Eq. (14b), because in our example
kro0, for short pulses (Z40.5) the strain at point B at the
beginning of the second passage is always larger ((1+9kr9), and thus
for our example (with bs¼250 m/s, bb¼100 m/s, and rs¼rb¼2000
kg/m3) it is 10/7 times larger than the strain AeUkt at the beginning
of the first passage—but it is smaller than the strain at T in the first
passage (2Ae � kt). For short pulses (Z40.5), if there is no occurrence
of permanent strain during the first passage at point T, the
response of the layer will be linear for all time.

For long pulses (Zo0.5), comparing Eq. (11) and Eq. (14a), and
for Zo ð2pÞ�1arccosð9kr9Þ, the strain at interface point B at the
beginning of the second passage is smaller than the strain at
the beginning of the first passage, and for Z4ð2pÞ�1arccos kr

�� ��� 	
the former strain is larger than the later one. For our example,
(kr¼�3/7), and Z40.18 always gives larger strain at the interface
point at the beginning of the second passage than the strain at the
beginning of the first passage.

The largest amplification of the strain at B is for Z¼0.5 (see
Eq.14a), when, at the beginning of the second passage, the strain
is (2+9kr9) times larger than the strain during the first passage. In
our example, the amplification is 17/7, and this gives a larger
strain than the strain at point T during the first passage (2AeUkt).
Therefore, for long pulses (Zr0.5) the first exceeding of eyb can
occur later in time. This means that in addition to conditions
(12B) and (12T) there is one further condition for the strain to
remain linear, which is valid only in Zone 1, namely

aZo 1

pktð2þ9kr9Þ
¼ bbþbs

2pbsð2þ9kr9Þ
¼ CB

2þ9kr9
: ð12B2Þ

In further discussions, the region (Z,x) will be divided into
three sub-regions (zones):

Zone 1: Z1¼{(Z,x)9Zo0.5,8x},
Zone 2: Z2¼{(Z,x)90.5rZ,x�0}, and
Zone 3: Z3¼{(Z,x)90.5rZ,x40}.

Most of the discussion in this paper will be related to Zone 1,
where Z¼2Hb/lb¼2Hb/(bbU2td)¼Hb/(bbUtd)o0.5, for excitation by
pulses with long waves.

In the following, we consider the normalized maximum strain
in the layer, emax. This strain is the absolute maximum of the strain
occurring in the layer at any time of its response. To represent it in
dimensionless terms, we consider the quantity vlin ¼ vlinentr , which is
the maximum linear velocity entering the layer:

vlin ¼ pAUkt=td ¼ paZeybbbkt : ð15Þ

Then, instead of describing the absolute maximum of the
strain, we will consider the normalized maximum strain

enorm ¼ emaxbb=vlin ¼ emax=elin ð16Þ

3.2. Maximum strains

The maximum value of the strain for the impedance ratio in
our example occurs at the beginning of the second passage of the
wave at time t1+¼t1+d for td¼t1, where d40, d{t1, and t1 ¼ 2H

bb
.

Using (Eq. (4)), we find that

eð0,t1þ Þ ¼ Aefk1ð�cospþcos0Þþk2ð�cos0Þg, ð17Þ
where Ae ¼ Ap

bbtd
¼ vs

bb
, and vs is the velocity of the pulse in the half

space.
Replacing kj ¼ ktUk

j�1
r in (17) we obtain the linear strain at the

beginning of the second passage

eð0,t1þ Þ ¼ AeUktð2�krÞ: ð18Þ
Dividing Eq. (18) by AeUkt ¼ vskt

bb
¼ vlinentr

bb
¼ e0lin (amplification of

the entry strain), at the beginning of the second passage of the
wave on the path bottom–top–bottom, we obtain

e2 ¼ 2�kr ð19Þ
For values in our example, the amplification is e2 ¼ 2:428.
A question arises as to whether the amplification of the entry

strain is the largest at the beginning of the second passage for any
impedance ratio (r¼rsbs/rbbb)—remembering that the wave
amplitude is decreased every time it encounters the boundary
between the layer and the half space. To explore this, we again
use Eq. (4), and obtain

eð0,t2þ Þ ¼ Aefk1cospþk2ð�cospþcos0Þþk3ð�cos0Þg: ð20Þ
Replacing kj ¼ ktUk

j�1
r (j¼1,2,3,y) in Eq. (20) for the strain at

the beginning of the third passage, we get

eð0,t2þ Þ ¼ Aektð�1þ2kr�k2r Þ ¼ �Aektð1�krÞ2: ð21Þ
Dividing Eq. (21) by e0lin, we obtain the amplification at the

beginning of the third passage as

e3 ¼�ð1�krÞ2: ð22Þ
Comparing Eqns. (22) and (19) for

e3
e2

����
����¼ ð1�krÞ2

2�kr
41, ð23Þ

the amplification of the entry strain at the beginning of the third
passage is larger than the one at the beginning of the second
passage. The solution of Eq. (23) is

kro
1�

ffiffiffi
5

p

2
and kr4

1þ
ffiffiffi
5

p

2
: ð24Þ

But the reflection coefficient of the wave coming from the
layer toward the boundary between the layer and the half space is

kr ¼
1�r

1þr
, where r¼ rsbs

rbbb

Z0: ð24aÞ

This implies that krr1 for any value of r, so the second branch
kr4 1þ

ffiffi
5

p
2 of the solution (24) is physically not possible.

Replacing kr from Eq. (24a) and solving Eq. (24), we obtain
1�r
1þ r o 1�

ffiffi
5

p
2 ¼�0:618, and

r44:236: ð25Þ
For these values of the impedance ratio r, the amplification at

the beginning of the third passage is larger than the amplification
at the beginning of the second passage.

Finally, we compare the amplification at the beginning of the
second passage (t¼t1+) with the one at the end of the first
passage (t¼t1�). For t¼t1� the term Aek2ð�cos0Þ in Eq. (17)
vanishes, so the amplification of the entry strain at the end of the
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first passage is

e1e ¼ 2: ð26Þ
This means that the wave still has not reached the contact, and

thus we have a contribution only from the interference of the
up-going and down-going parts of the wave. Comparing Eq. (26)
with Eq. (19), we conclude that for positive kr (ro1) the
amplification is larger at the end of the first passage.

From the above we can describe the amplification of the entry
strain as a function of the impedance ratios in Zone 1 (Zo0.5) for
pulse duration td¼t1.

1. For impedance ratio ro1 (the layer is stiffer than the half
space), the largest amplification occurs at the end of the first
passage of the wave before it hits the contact between the
layer and the half space, and the normalized strain is e1 ¼ 2.

2. For impedance ratios in the interval 1oro4.236, the largest
amplification occurs at the beginning of the second passage of
the wave just after the down-going wave has hit the contact
between the soil layer and the half space, and the strain is
e2 ¼ 2�kr ¼ 2� 1�r

1þ r.
3. For impedance ratios r44.236, the largest amplification

occurs at the beginning of the third passage of the wave just
after the down-going wave has hit the contact between the

layer and the half space, and its value is ð1�krÞ2 ¼ 2r
1þ r

� �2
.

The above relations are summarized in Fig. 2. In Fig. 3, we show
the results for a wide range of impedance ratios, 10�4rrr104 and

for 19 values of Z. As can be seen from Fig. 3, for ZZ0.5 the curves
for any impedance ratio have a constant value equal to two. For
these values of Z, the wave is shorter than the double height of the
layer. The maximum strain appears during the first passage, in
Zone 3, and it results from the interference of the part of the wave
going up and the part of the wave going down. Setting to zero the
partial derivatives of the strain (Eq. (4)) with respect to time and
space, we find that the largest strain occurs at tmax ¼ H

b þ td
2, at the

point xmax ¼H� bUtd
2 . These values correspond to an instant when

the front of the wave going downward and the tail of the wave
going upward meet.

For small dimensionless frequencies, 0.01rZr0.07 (long
waves), the amplification of the strain is approximately sym-
metric with respect to r¼1 (log10 r¼0). As r approaches zero or
infinity, the amplification of the strain approaches 2 (Fig. 3).

For larger dimensionless frequencies in Zone 1, 0.1rZo0.5,
except that for Z¼0.1 in our examples in Fig. 3, as r becomes large,
the amplification of the strain is larger than 2 and increases with
increasing Z. For large impedance ratios, the coefficient of reflection
of the wave from the bottom of the layer boundary back into the
layer is kr ¼ lim

r-1
1�r
1þ r ¼�1. As we saw above, the amplification at

the beginning of the third passage is (1�kr)
2, and the largest

amplification in the first zone approaches 4. For Z¼0.4999, the
analytical solution of the amplification is essentially 4.

To explain why the above trend is not observed for Z¼0.1, we
note that it can be shown (see Appendix A) that for x¼0, and for
values nZ¼1/2, except when n¼1, the strain becomes zero when n

is odd. This will occur at Z¼(1/2/3¼0.167), (1/2/5¼0.100), (1/2/
7¼0.0714), and so on, and after the complete pulse is in the layer,
the strain will be zero. The left side of Fig. 4 illustrates this by
showing the displacements in the layer versus the dimensionless
time t¼t b/2H, for n¼3, 5, and 7. For these dimensionless

Fig. 2. Amplifications (1) at the end of the first passage e1e , (2) at the beginning of

the second passage e2, and (3) at the beginning of the third passage e3, plotted
versus impedance ratio r.

Fig. 3. Normalized peak strain enorm ¼ emaxbb=vskt versus impedance ratio r¼rsbs/

rbbb, for 19 example values of dimensionless frequencies Z.
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frequencies, the maximum amplification occurs before the pulse has
completely entered the layer. Fig. 5 shows the normalized peak
strains emax, the position where they occur xðemaxÞ=H, and the times
when they occur bb tðemaxÞ=2H, plotted versus Z¼1/2n.

Next we examine the cases in which r-0, kr-1 (left side of
Fig. 3). We evaluate the amplification of the strain from Eq. (4) at
x¼0, term by term, as

eð0,tÞ ¼�cos
pUt
td

þcos
p
td
ðt�t1Þ�cos

p
td
ðt�t1Þþcos

p
td
ðt�2t1Þ

�cos
p
td
ðt�2t1Þþ :::þcos

p
td

ðt�nUt1Þ: ð27Þ

All of the terms except the first and the last cancel out, and the
amplification is

eð0,tÞ ¼ cos
p
td
ðt�nUt1Þ�cos

pUt
td

¼�2sin
p

2Utd
ð2t�nUt1ÞUsin

p
2Utd

ð�nUt1Þ

¼ 2U sin
pUt
td

Ucos
npt1
2td

�cos
pUt
td

Usin
npt1
2td

� �
Usin

np t1
2td

: ð28Þ

Evaluating Eq. (28) at t¼td, and remembering that t1/td¼2Z,
we obtain

eð0,tÞ ¼ 2Usin2ðnp t1=2tdÞ ¼ 2Usin2nZp¼ 1�cos2nZp ð29Þ

Fig. 4. Displacements along the thickness of the layer, x, versus normalized timet¼bbt/2Hb, for nine passages (t¼9) bottom–top–bottom, and for five dimensionless

frequencies Z¼0.0714, 0.085, 0.100, 0135, and 0.167.
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and

n¼ td=t1 ¼ ðH=ðbZÞÞ=ð2H=bÞ ¼ 1=ð2ZÞ, ð30Þ
which is the length of the pulse normalized by two heights of the
layer, or the number of passages the pulse has traveled, until it is
completely applied at x¼0. Using Eq. (30) in Eq. (29), we obtain
that the amplification of the strain as

eð0,tÞ ¼ 2: ð31Þ
This applies for long pulses (Z-0, eð0,tÞ-2) and for pulses for

which n is an integer, so evaluating at time equal to the duration of
the pulse, we evaluate strains at the point x¼0. If the pulse is
shorter and n is not an integer, there is a departure from the
amplification of 2. The maximum amplifications (the maximum
normalized strains), their locations (normalized by the thickness of
the layer), and their times (normalized by t1) are shown in Fig. 6.

4. Discussion and conclusions

We described the amplification of half-sine shear-wave pulses
propagating into a soil layer, with the objective of providing some

understanding of the resulting response and how it depends upon
the stiffness of the layer relative to the stiffness of the half space.
We also defined the dimensionless limits for the wave amplitudes
so that a linear strong-motion pulse in the half-space would
remain linear as it continues to propagate into the layer, and until
its energy is eventually dissipated through radiation back into the
half space. We considered only linear, non-dissipating materials
for both the layer and the half space.

For incident short pulses (Z40.5), which lead to linear response of
the layer, the amplification of the strain, with normalized pulse
amplitude a(¼A/(Hbeyb), which represents a normalized ratio of the
average drift in the layer A/Hb and of the yielding strain in the soil
material eyb), is equal to 2. It results from interference of the strain of
the up-propagating wave, with the strain from the wave reflected
from the free layer surface and propagating downward. For long
pulses (Zr0.5), the amplification of strains is more complicated and
depends upon the impedance ratio between the half-space and the
layer material. Depending upon the duration of the pulse, it can occur
during first-, second-, or higher-order passes of the wave up and
down the layer.

The principal contribution to the peak amplitudes of strong
ground motion is associated with strong-motion peaks in arriving
earthquake waves, which propagate coherently over large distances
and dominate the peaks of the recorded ground acceleration, velocity,
and displacement, the associated response spectra [20,21,23,34], and
in the numerical simulations of strong motion accelerations [22,35].
For the development of design criteria of underground structures, it is
also important to understand and describe how the peak strains in
the soft surface deposits depend upon the local site characteristics
and how their amplitudes are amplified by the local layer properties
[11,30,12]. Observations of strong ground motion in the near
field help in relating surface strain amplitudes to the observed
impacts on man-made structures [31,32] and in the verification
of the zoning and hazard maps that aim to predict the geographical
distribution of the expected linear peak strains near the ground
surface [19]. Characterization of the depths where the first peak
strains occur also helps in understanding and interpreting the strong
ground motion, which can lead to the soil liquefaction [24].

Mutatis mutandis, many results of this study can be applied to
wide and not very tall buildings, which respond mainly in shear
and which do not experience significant contributions to the
response from the rocking component of soil-structure interac-
tion. Because one of the principal design criteria is governed by
the allowed maximum drift (average rotation of structural
members between adjacent floors), and because the possible
damage can be related directly to the exceeding of certain drift
amplitudes [3,26,29] and to the wave motion in buildings in
general [6], it is seen that the results we present in this paper for a
layer of soil will apply also to the approximate, one-dimensional
representation of the building response.

Starting with Eq. (16) and using Fig. 3 (which shows amplifica-
tion of shear strain in the range 2–4, depending upon Z), with
the assumption that serious damage in a building will occur for
drifts exceeding about 0.01 [3], if we neglect the effects of soil–
structure interaction and assume that kt�1 (i.e., that vlin � vmax,
where vmax is the peak ground velocity), we can compute an
estimate of the peak ground velocity that will initiate damage from
vmax � 0:01bb=enorm ¼ 0:01U100ðm=sÞU100ðcm=mÞ=ð2 to 4Þ ¼ 25 to
50cm=s. Here, we assumed that the velocity of shear waves in a
building is about 100 m/s. Soil-structure interaction will act to
diminish the free-fields peak ground velocity by scattering the
incident waves from the foundation [25], but the transmission
coefficient kt, which will be greater than 1 (here we assumed
kt�1), will amplify the incident-wave amplitude. In the above first-
order approximation, we ignored both of these effects, yet in spite
of these approximations it is seen why buildings get damaged in

Fig. 5. (a) Amplification emax, (b) at the base of the layer, and (c) the normalized

time when it occurs, versus dimensionless frequency Z¼1/2n, for impedance ratio

r¼rsbs/rbbb¼104.

Fig. 6. (a) Amplification emax, (b) normalized location where it occurs, and (c) the

normalized time when it occurs, versus dimensionless frequency Z, for impedance

ratio r¼rsbs/rbbb¼10�4.
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the near field of strong earthquakes. The largest peak ground
velocities recorded near moving faults so far are about 200 cm/s

[26], or about one order of magnitude larger than the strong
motions capable of damaging the structures.

Appendix A

From Eq. (4), at arbitrary point A, and at time t¼ tdþ x
b þd – that is, after the tail of the wave going upward has passed point A – in the

first passage (the difference of the step functions for j¼1 of the first term in Eq. (4) is 0), and remembering that kr-�1, we have

eðx,tÞ ¼ 0þð�1Þ0cos p
td

t�t1þ
x

b

� �
þð�1Þ1 �cos

p
td

t�t1�
x

b

� �
þcos

p
td

t�t2þ
x

b

� �� �
þð�1Þ2 -cos

p
td

t�t2�
x

b

� �
þcos

p
td

t�t3þ
x

b

� �� �

þ . . .þð�1Þn �cos
p
td

t�tn�
x

b

� �� �
or

eðx,tÞ ¼ cos
p
td

t�t1þ
x

b

� �
þcos

p
td

t�t1�
x

b

� �
�cos

p
td

t�t2þ
x

b

� �
�cos

p
td

t�t2�
x

b

� �
þcos

p
td

t�t3þ
x

b

� �
þcos

p
td

t�t3�
x

b

� �

�. . .þcos
p
td

t�tnþ
x

b

� �
�cos

p
td

t�tn�
x

b

� �
: ðA:1Þ

Using the trigonometric identity

cosaþcosy¼ cosðyþzÞþcosðy�zÞ ¼ cosycosz�sinysinzþcosycoszþsinysinz¼ 2cosycosz¼ 2cos
aþy
2

cos
a�y
2

, and taking

a¼ p
td

t�tiþ x
b

� �
, y¼ p

td
t�ti� x

b

� �
and tk¼kUt1, we rewrite the Eq. as

eðx,tÞ ¼ 2cos
pðt�t1Þ

td
cos

pUx
btd

�2cos
pðt�t2Þ

td
cos

pUx
btd

þ2cos
pðt�t3Þ
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pUx
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�. . .:þ2cos
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¼ 2cos
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�cos
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þcos
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�. . .þcos

pðt�3t1Þ
td

� �
, ðA:2Þ

and using the identity cos(y�z)¼cos y cos z+sin y sin z and regrouping cosine and sine terms, the last equation becomes

eðx,tÞ ¼ 2cos
pUx
bUtd

cos
pUt
td

Ucos
pUt1
td

�cos
pUt
td

Ucos
2pUt1
td

þcos
pUt
td

Ucos
3pUt1
td
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þsin
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td

Usin
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td
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td

Usin
2pUt1
td

þsin
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td

Usin
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td
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�

eðx,tÞ ¼ 2cos
pUx
bUtd

cos
pUt
td

ðcospUt1
td

�cos
2pUt1
td

þcos
3pUt1
td

�:::þcos
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td

sin
pUt1
td

�sin
2pUt1
td

þsin
3pUt1
td

�. . .þsin
npUt1
td

� ��
: ðA:3Þ

We set

pt1=td ¼ ð2pH=bÞ=ðH=ðbZÞÞ ¼ 2pZ¼f: ðA:4Þ

The first alternating sequence in Eq. (A.3) becomes

An ¼ cosf�cos2fþcos3f�. . .þcosnf, ðA:5aÞ

and the second becomes

Bn ¼ sinf�sin2fþsin3f�. . .þsinnf: ðA:5bÞ

Multiplying (A.5b) with i¼
ffiffiffiffiffiffiffi
�1

p
and adding it to (A.5a), we obtain the complex sequence

Anþ iBn ¼ cosfþ isinf�ðcos2fþ isin2fÞþðcos3fþ isin3fÞ�. . .þðcos3fþ isin3fÞ: ðA:6Þ

Using the Moivre formula, coskfþ isinkf¼ eikf ¼ ðeifÞk ¼ ðcosfþ isinfÞk, and replacing cosfþ isinf¼ z, we find that (A.6) becomes

Anþ iBn ¼ zUð1�zþz2�. . .þzn�1Þ: ðA:7Þ

For n odd only

1þzn ¼ ð1þzÞð1�zþz2�. . .þzn�1Þ, ðA:8Þ

where the term in parenthesis in (A.7) is

1�zþz2�. . .þzn�1 ¼ 1þzn

1þz
,
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and, after replacing z¼ cosfþ isinf and using the Moivre formula, (A.7) becomes

Anþ iBn ¼ ðcosfþ isinfÞU1þcosnfþ isinnf
1þcosfþ isinf

: ðA:9Þ

After using the identities

1þcosf¼ 2cos2
f
2

and sinf¼ 2sin
f
2
cos

f
2

ðA:9Þ

becomes

Anþ iBn ¼ ðcosfþ isinfÞU
2cos

nf
2

cos
nf
2

þ isin
nf
2

� �

2cos
f
2

cos
f
2
þ isin

f
2

� � ¼
cos

nf
2

cos
f
2

U cos
ðnþ1Þf

2
þ isin

ðnþ1Þf
2

� �
:

Finally, replacing f¼ 2pZ in the last expression, we get

Anþ iBn ¼
cosnZp
cosZp U cosðnþ1ÞZpþ isinðnþ1ÞZp
 �

,

so the sequences (A.5a) and (A.5b) are

An ¼ cosnZp
cosZp

Ucosðnþ1ÞZp and Bn ¼ cosnZp
cosZp

Usinðnþ1ÞZp

With these values, the solution for the strain (Eq. A3) becomes

eðx,tÞ ¼ 2cos
pUx
bUtd

cos
pUt
td

U
cosnZp
cosZp

Ucos nþ1ð ÞZpþsin
pUt
td

U
cosnZp
cosZp

Usinðnþ1ÞZp
� �

,

and, using the identity cosacosbþsinasinb¼ cosða�bÞ,

eðx,tÞ ¼ 2cos
pUx
bUtd

U
cosnZp
cosZp

Ucos
pUt
td

�ðnþ1ÞZp
� �

, ðA:10Þ

where n is the order number of a passage of the wave along the path bottom–top–bottom of the layer.
Evaluating Eq. only for odd n, we can see that for nZ¼1/2, except when n¼1, the strain becomes zero after the complete pulse is in

the layer (Fig. 4).
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