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ABSTRACT 

The seven-story reinforced concrete building studied in this work was damaged during the 1994 
Northridge, California earthquake. The damage was widespread but was mostly concentrated in 
the columns on the fourth floor, below the spandrel beam and the floor slab on the fifth floor. We 
show that such a concentration of damage can be explained by interference of non-linear waves 
in the building resulting from incident, upward-propagating earthquake pulses and downward 
propagation of pulses reflected from the roof of the building. We conclude that the analysis and 
prediction of where the localized damage may occur and the proper design to minimize and 
control such damage can be carried out best by non-linear wave propagation methods. 
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1. INTRODUCTION 
 

The seven-story hotel building in Van Nuys, California (VN7SH) is becoming one of the most 
studied buildings in southern California. Many aspects of its response and damage, first during 
San Fernando, 1971, earthquake, and then the Northridge earthquake in 1994, have been 
examined. The relative simplicity, uniformity, and symmetry of its geometry make this building 
ideal for testing and for calibration of different analysis methods. So far, it has been difficult to 
explain why the main damage during the Northridge earthquake occurred in the fourth floor 
columns rather than at its base or throughout the structure. 

In a study of the propagation of non-linear waves in a simple, uniform shear beam, caused by 
incident strong motion pulses, Gicev and Trifunac (2006) found that for large ground 
displacement pulses the maximum permanent strains in the beam occur mainly at the interface of 
the beam with the soil, while for smaller amplitudes of pulses permanent trains occur closer to 
the top of the beam. They identified three zones of the permanently deformed beam: (1) a 
permanently deformed zone at the bottom; (2) an intermediate zone, which is not deformed at its 
bottom part and is deformed in the top part; and (3) a non-deformed zone at the top of the beam. 
They found that the occurrence and the development of these zones depends upon the 
dimensionless excitation amplitudes and the dimensionless frequency of the incident strong 
motion pulses, and in particular on the conditions that lead to the occurrence of the first 
permanent strain. For large and long strong-motion pulses, only zones 1 and 3 are present in the 
beam. For large amplitudes and short strong-motion pulses, all three zones can develop and are 
present. For smaller excitation amplitudes only zones 2 and 3 exist in the beam.  

Gicev and Trifunac (2006) further show that for excitation by near-field displacement pulses, 
failure can occur anywhere in the building, before the incident wave has completed its first travel 
from the foundation to the top of the building and back to the foundation. Because this travel 
time is shorter (by one half) than the natural period of the structure on the fixed base, it is seen 
that the common response spectrum method of analysis (based on the vibrational formulation of 
the solution) cannot provide the required details for the design of structures for such excitation. 
They noted that “to the extent that the locations of the plastic deformation zones can be 
controlled by the design process, absorption of the incident wave energy by structural members 
may become a new and powerful tool for performance-based design. To take advantage of such 
possibilities, the governing differential equations must be solved by the wave propagation 
method.”  
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The purpose of this work is to show that if the excitation is viewed as plane waves entering the 
beam (structure) vertically, the interference of the waves propagating up, and their reflection off 
the stress-free roof, can explain well the observed concentration of damage in VN7SH. Our 
approach in this work belongs to a group of wave propagation methods (Kanai 1965; Todorovska 
and Trifunac 2006a,b,c) and is also suitable for structural health monitoring and for real-time 
damage detection.  

To minimize the consequences of rocking associated with soil-structure interaction and the 
contribution of torsion, in this work we analyze the EW (longitudinal) response of the VN7SH 
building only. The reader should be aware that ignoring the rocking contribution to the overall 
EW response will tend to make our model and the results similar to many engineering studies of 
this building, which typically ignore soil-structure interaction—that is, they assume that the 
building is supported by rigid soil. We will address the two- and three-dimensional aspects of 
this problem and the role of soil-structure interaction in our future work. 

 

2. THE BUILDING  

The building studied in this work is a seven-story hotel (VN7SH) located in Van Nuys, 
California. It was damaged by the 1994 Northridge, California earthquake (Ivanović et al. 
1999a,b, Trifunac and Hao 2001, Trifunac et al. 1999a,b). Its response has been described and 
analyzed in numerous papers and reports.  

The VN7SH (Fig. 1) is located in the central San Fernando Valley of the Los Angeles 
metropolitan area (at 34.221o N and 118.471o W). The building was designed in 1965, and 
constructed in 1966 (Blume and Assoc. 1973, Mulhern and Maley 1973, Table 2.1). Figure 2 
shows a plan view of a typical floor (a), and a side view of the building frame (b). The building 
is 18.9 × 45.7 m in plan. The typical framing consists of columns spaced on 6.1 m centers in the 
transverse direction and 5.8 m centers in the longitudinal direction. Spandrel beams surround the 
perimeter of the structure.  

Lateral forces in the longitudinal (EW) direction are resisted by interior column-slab frames and 
exterior column spandrel beam frames. The added stiffness in the exterior frames associated with 
the spandrel beams creates exterior frames that are roughly twice as stiff as interior frames. The 
floor system is reinforced concrete flat slab, 25.4 cm thick at the second floor, 21.6 cm thick at 
the third to seventh floors, and 20.3 cm thick at the roof (Browning et al. 2000, De La Llera at al. 
2001, Islam 1996, Li and Jirsa 1998, Trifunac and Ivanović 2003).  
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Fig. 1. View of Van Nuys Seven Story Hotel (VN7SH) from North-East. 
 
 
The building is situated on undifferentiated Holocene alluvium, uncemented and unconsolidated, 
with a thickness of < 30 m, and an age of < 10,000 years (Trifunac and Todorovska 1998). The 
average shear-wave velocity in the top 30 m of soil is 300 m/s, and the soil-boring log shows that 
the underlying soil consists primarily of fine sandy silts and silty fine sands. The foundation 
system consists of 96.5-cm deep pile caps, supported by groups of two to four poured-in-place 
61-cm-diameter reinforced concrete friction piles. These are centered under the main building 
columns. All of the pile caps are connected by a grid of beams. Each pile is roughly 12.2 m long 
and has a design capacity of over 444.82 × 103 N vertical load and up to 88.96 × 103 N lateral 
load. The structure is constructed of normal-weight reinforced concrete (Blume and Assoc. 1973; 
Table 2.1). 

Earthquake Damage.  The ML = 6.4 Northridge earthquake of January 17, 1994 severely 
damaged the building. The structural damage was extensive in the exterior north (D) and south 
(A) frames that were designed to take most of the lateral load in the longitudinal (EW) direction. 
Severe shear cracks occurred at the middle columns of frame A, near the contact with the 
spandrel beam of the 5th floor (Figs. 3 and 4). Those cracks significantly decreased the axial, 
moment, and shear capacity of the columns. The shear cracks that appeared in the north (D) 
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Table 2.1  Properties of the construction materials of the VN7SH building 

Concrete (regular weight, 150 pcf (1)) 

Location in the structure 
Minimum specified  

compressive strength 
fc

’ – psi (2) 

Modulus of elasticity 
E  – psi (2) 

Columns, 1st to 2nd floors 5,000 4.2 × 106 

Columns, 2nd to 3rd floors 4,000 3.7 × 106 

Beams and slabs, 2nd floor 4,000 3.7 × 106 

All other concrete, 3rd floor to roof 3,000 3.3 × 106 
 

Reinforcing steel 

Location in the 
structure Grade 

Minimum specified 
yield strength 

fy
 – ksi (3) 

Modulus of 
elasticity 
E  – psi (2) 

Beams and slabs 
Intermediate grade deformed 
billet bars 
(ASTM A-15 and A-305) 

40 29 × 106 

Column bars 
Deformed billet bars  
(ASTM A-432) 60 29 × 106 

 
 (1) Pounds per cubic foot 
 (2) Pounds per square inch 
 (3) Kips per square inch 
 
frame on the 3rd and 4th floors and the damage to columns D2, D3, and D4 on the 1st floor caused 
minor to moderate changes in the capacities of these structural elements. No major damage to the 
interior longitudinal (B and C) frames was observed, and there was no visible damage to the 
slabs or around the foundation. The nonstructural damage was also significant. The recorded 
peak accelerations in the building were 0.46g (L), 0.40g (T), and 0.28g (V) at the base, and 0.59g 
(L) and 0.58g (T) at the roof, along the longitudinal (L), transverse (T), and vertical (V) axes of 
symmetry (there were no sensors installed on the roof to measure vertical motions) (Trifunac et 
al 1999b).  

Photographs and detailed descriptions of the damage from the earthquake can be found in 
Trifunac et al. (1999b) and Trifunac and Hao (2001). Analysis of the relationship between the 
observed damage and the changes in equivalent vertical shear-wave velocity in the building can 
be found in Ivanović et al. (1999b), and Todorovska and Trifunac (2006d). A discussion of the 
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Fig. 2. Typical Floor Plan (a), and North-South section (b). 
 

extent to which this damage has contributed to the changes in the apparent period of the soil-
structure system can be found in Trifunac et al. [2001a,b].  

Strong-Motion Records. The response of VN7SH was recorded by a 13-channel CR-1 central 
recording system and by one tri-component SMA-1 accelerograph, with an independent 
recording system but with common trigger time with the CR-1 recorder (Trifunac et al. 1999b).  
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Fig. 3. Observed Damage of frames D (top) and A (bottom). 
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The locations of the five transducers, which recorded EW response of the building during 
earthquake, is shown in Fig. 3.  
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Fig. 4. Post-earthquake view of damaged columns A7 and A8. 
 

3. PREVIOUS WORK 

Since 1994, the VN7SH building has emerged as a useful benchmark for comparison of different 
analyses. Trifunac et al. (1999b) and Trifunac and Hao (2001) presented photographs of the 
damage following the earthquake and collected all of the strong-motion data digitized thus far for 
the period between 1971 and 1994. Two full-scale ambient vibration tests were performed 
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(Ivanović et al., 1999a; 2000). During the second ambient vibration survey, measurements of 
wave motion through the building foundation showed that the foundation is “flexible” and 
deforms with the passage of micro-tremor waves, which indicates that for studies of soil-
structure interaction the rigid foundation assumption may not be appropriate (Trifunac et al., 
1999a). The apparent period of the soil-structure system and its dependence upon the response 
amplitudes in VN7SH were described by Trifunac et al. (2001a,b), and an application of off-line 
and on-line identification techniques to the building response data in VN7SH was presented by 
Loh and Lin (1996). A continuum mechanics representation of VN7SH was considered in terms 
of isotropic and anisotropic two-dimensional models and their response to incident wave motion 
by Todorovska et al. (2001a,b). The feasibility of identifying the observed damage through wave 
propagation studies using recorded earthquake responses was explored in Ivanović et al. (1999b) 
and Trifunac et al. (2003). The accounting of incident-wave energy, its redistribution among 
different response energies, and the power of incident-wave motion and its capacity to damage 
the VN7SH structure has been described in Trifunac et al. (2001c). 

The engineering studies of VN7SH have focused mainly on its longitudinal (EW) response. 
Without exception, these studies have neglected the effect of soil-structure interaction and have 
implicitly assumed that all non-linearities in the observed response are associated with the 
building structure. 

Islam (1996) considered two two-dimensional models for EW response of the building, one with 
and one without the brick infill walls in the four bays of the northern perimeter frame D (see 
Figs. 1 and 3). Assuming the building to be fixed at the ground floor level, he used the triangular 
distributed horizontal load to perform a push-over analysis. Figure 5 shows his results for V/W, 
the resulting base shear (V), normalized by the appropriate fraction of building weight (W), 
versus roof displacement, assuming that the south perimeter frame (A) resists one third of the 
lateral load. Figure 6 shows the story drifts calculated by Islam, using elastic time history 
analysis, at the center of mass (COM), the NE corner, and the SW corner, for the two models, 
with and without the infill walls in frame D. For comparison, we also show in this figure the 
“observed” drift amplitudes, evaluated on February 4, 1994, based on detailed analysis of the 
cracks, the scratches caused by relative motion on the partition walls, and the marks on the 
interior appearance of the perimeter walls (Trifunac and Ivanović 2003). Islam concluded that 
“many of the structural elements may have exceeded their elastic limit state at approximately 4 
seconds into the earthquake. However, the most severe damage—e.g., breakdown of the entire 
load path in the south perimeter frame columns immediately below the 5th floor level—may 
have actually occurred at approximately 9 seconds, which coincides with the time of the peak 
ground acceleration in the longitudinal direction.” He also notes that “a push-over analysis 
performed on the longitudinal frame with a triangular load pattern was unable to predict the 
damage observed in the building.” 
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Li and Jirsa (1998) performed a non-linear time history analysis of VN7SH in the longitudinal 
(EW) direction “only because most of the damage occurred in this direction.” Acceleration time 
histories recorded at ground level were used as input ground motion, and columns were assumed 
to be fixed at the base. Soil-structure interaction was not included in  
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Fig. 5. Base shear (V) coefficient normalized by total building weight, W, versus EW roof displacement 
of VN7SH (This study; Islam, 1996; Li and Jirsa, 1998; and Browning et al, 2000: Models A and 
B). 

 
 
the models. Effective stiffness and residual lateral capacity were chosen so that the period of 
calculated response-time history would match the recorded time history, and 0.35 EIg was chosen 
as an effective stiffness for all beams and columns. Their analysis was two-dimensional, and 
therefore no torsional effects of excitation and of response could be included. Calculated 
maximum drift ratios from Li and Jirsa (1998) are reproduced in Figure 6, where they can be 
compared with other drift estimates. The authors interpreted their results to indicate that “the 
building was very close to collapse. Therefore, the drift limit recommended by NEHRP-94 
appears to be reasonable … as a life safety limit for this structure.” While describing their push-
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over analysis (see Fig. 5), Li and Jirsa stated that “Push-over analysis successfully predicted that 
the structure almost lost its lateral load-resisting capacity, and the shear failures of columns 
occurred prior to reaching the maximum roof displacement the building experienced during the 
earthquake.”  
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Fig. 6. Comparison of different estimates of EW drift in VN7SH during 1994 Northridge earthquake. 
 
 
Browning et al. (2000) compared three independent analyses, including their own results, with 
regard to the response of VN7SH to the Northridge earthquake: Approach A (by Lynn and 
Moehle); Approach B (by Browning and Sozen); and Approach C (by Li and Jirsa). Because 
approach C has already been summarized, we will describe briefly only the results of the 
analyses based on approaches A and B. Approach A idealizes the building as a two-dimensional 
frame and considers only longitudinal (interior and exterior) framing lines. A simple bi-linear 
relation without stiffness or strength degradation is used to describe load deformation properties 
of the frames. The foundation is assumed to be rigid—that is, no soil-structure interaction is 
considered, and the authors used triangular load distribution with monotonically increasing 
amplitude in their push-over analysis (Fig. 5). Dynamic non-linear response histories were 
computed for the motion measured at the base of the building, and drift amplitudes were 
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computed (1) at the time of maximum roof response, and (2) using absolute maxima of drift over 
time. The range between these two estimates is shown as the gray zone in Fig. 6. Approach B 
used a model geometry similar to that of model A, but the in-fill was assumed not to contribute 
to resistance to the lateral forces. A Takeda non-linear model with unloading stiffness reduction 
equal to 0.4 was adopted, and non-linear static and dynamic response analyses were conducted. 
The results of the push-over analysis are shown in Fig. 5. Approach A gives smaller drift 
between the first and second floors relative to all other drift predictions shown in Fig. 6. Between 
the third and fifth floors, it is in excellent agreement with the drifts predicted by Li and Jirsa 
(1993) and Islam (1996). 
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Fig. 7. Comparison of recorded and calculated maximum floor displacements in VN7SH during the 
Northridge 1994 earthquake. 

 

De la Llera et al. (2002) noted that “planar analyses of the building reported previously are 
obviously not capable of predicting… torsional motion.” They developed an idealization of the 
building consisting of a “single column-like element” (SEM) connecting two consecutive floors 
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and used this model to interpret the three-dimensional response of the VN7SH building to the 
earthquake. Their estimates of the envelopes of maximum floor drifts are shown in Fig. 6, and 
their estimates of maximum floor displacements using the single-element model are compared in 
Fig. 7 with recorded and other calculated relative displacements at the time of maximum 
response. Their estimates of EW (longitudinal) drifts are in fair agreement with the 
corresponding estimates of Islam (1996). As in all previous investigations of the response of this 
building, De la Llera et al. (2001) ignored soil-structure interaction effects in their analyses of 
translational and torsional responses. They interpreted the recorded motions to show that the 
“maximum acceleration along plane A (or D) due to torsion is 0.12 g, which is about 40% of that 
due to translation.” Because the building is symmetric, De la Llera et al. (2001) concluded that 
“these significant torsional motions must be attributed primarily to the yielding of the structure, 
predominantly in one resisting plane (plane A)….” That is, they expressed the belief that these 
significant torsional motions began at about 4 s into the recorded strong motion during the 
earthquake and that they were followed by another episode of large rotations starting at about 7.5 
s, the time when most of the damage occurred. Perusal of the analysis of drifts in this building 
(Trifunac and Ivanović 2003) will show, however, that the relative torsional response was 
prominent during all previous recorded responses in this building, as was the case during the 
Whittier 1987, Landers 1992, and Big Bear 1992 earthquakes, when the VN7SH building 
experienced no damage. Thus, while the eccentricity caused by damage must have contributed to 
the coupling of translational and torsional responses during the Northridge earthquake (Trifunac 
et al., 1999b), thus increasing the relative torsional response, the bulk of the observed torsional 
response appears to have resulted from the wave-passage effects alone (Todorovska et al., 
2001a,b).  

 

4. ONE-DIMENSIONAL WAVE-PROPAGATION MODEL 

The location of the instruments that recorded the EW response is shown in Fig. 3. To search for 
the model parameters, we calculate the EW response of the building by assuming that the driving 
motion can be approximated by strong motion recorded at the basement (channel 16) and then 
comparing the results with the recorded motions at higher floors in the building (channel 12 at 
the first floor, channel 11 at the second floor, channel 10 at the fifth floor, and channel 09 at the 
roof). 

The assumption that the foundation moves according to the recorded displacement at the location 
of channel 16 is equivalent to assuming that (1) ground is rigid, (2) there is no soil-structure 
interaction, and (3) all wave energy created by the motion of the base (ground floor) is trapped 
inside the building. These assumptions are analogous to what many previous investigators 
assumed in the analyses of the response of this building (Islam 1996, Li and Jirsa 1993, 
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Browning et al. 2000, De la Llera et al. 2002), but they are physically not correct. Under ideal 
conditions, if one could select a building model that would delay and modify the waves 
propagating up and down the building, exactly as would the real building, the phase of the down-
propagating waves would be correct, and the motion would interfere with the driving 
displacement of the ground floor, exactly as this would occur in the presence of flexible soil, 
with soil-structure interaction, and with the transparent boundary at the base, allowing the down-
propagating waves to be transmitted into the half space. Our model will not be able to achieve all 
of this, however, and therefore our analysis is only approximate. 

The one-dimensional model we chose for this analysis consists of fourteen layers 
representing seven floors, with dimensions (thickness) of the layers h(i), velocities of shear 
waves β (i), and material densities ρ (i), for 14i1 ≤≤ , where 1,2,..,7)(k 1k2i =−= represent 
inter-story space (“soft” layers), and i = 2k (k = 1,2,..,7) represent floor slabs (“hard” layers) (see 
Table 4.1). The velocity of shear waves and the density of the layers we adopted for this work 
are based on the analysis of the impulse response for EW recorded motions in VN7SH 
(Todorovska and Trifunac 2006d). As can be seen from Table 4.1, the stiffness of the floor slabs 
is much larger than the stiffness of the inter-story space, so it can be expected that the floors will 
move with little elastic deformation and negligible contribution to drift.    

We assume the bi-linear constitutive law ( )εσ=σ , where σ  is shear stress and ε  is shear strain 
at a grid point (Fig. 8). The first slope, b0µ , represents the linear (initial) shear modulus, while 

the second slope, b0b1 γµµ = , represents the shear modulus after yielding. The yielding strain in 

the building is ybε .  

The points at the contacts between the layers are assumed to be in a linear state. To maintain the 
continuity of the displacements and stresses at the contacts between the layers, we introduce the 
equivalent shear moduli at the contact point i as 

 

( )
1i)1i(b01i)1i(b0

1i1i)1i(b0)1i(b0
ci xx

xx

+−−+

−+−+

+

+
=

∆µ∆µ

∆∆µµ
µ  ,     (4.1) 

 

where )1i(ob +µ  and )1i(ob −µ  are initial shear moduli of the layers above and below the contact point 

i, 1ix +∆  and 1ix −∆  are the spatial intervals above and below, and ciµ  is the initial equivalent 

shear modulus of the contact point i.  
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Fig. 8. The constitutive laws, σ ε− , for the building (solid line) and for the contacts (dashed line). 
 

The equation of motion is 

xtv )(1
σ

ρ
=

  ,                                (4.2a) 

 and the relation between the derivatives of the strain and of the velocity is 

 

xt v=ε  ,         (4.2b) 
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where v , ρ , σ , and ε  are particle velocity, density, shear stress, and shear strain, respectively, 

and the subscripts t and x represent derivatives with respect to time and space. 
t
uv

∂

∂
=   and  

x
u

∂

∂
=ε  are the velocity and the strain of a particle, and u is out-of-plane displacement of a 

particle along the propagation ray. 

 
 

Table 4.1  One-dimensional building model 
 

  

Inte-rstory 
Height  

hinterstory 
(m) 

Slab 
Thickness 

hslab  
(m) 

βinter-story

 
(m/s) 

βslab 

 
(m/s) 

ρinter-story  
 

(kg/m3) 

ρslab 

 
 (kg/m3) 

Roof slab   0.203   2000   2384 
Seventh story 2.44  73.15   82.90   
Seventh floor slab   0.215   2000   2384 
Sixth story 2.44  76.20   82.90   
Sixth floor slab   0.216   2000   2384 
Fifth story 2.44   77.72   82.90   
Fifth floor slab   0.216   2000   2384 
Fourth story 2.44   79.25   82.90   
Fourth floor slab   0.216   2000   2384 
Third story 2.44   91.44   82.90   
Third floor slab   0.216   2000   2384 
Second story 2.44   129.50   82.90   
Second floor slab   0.254   2000   2384 
First story 3.86   140.20   76.92   

 
 

The Lax-Wendroff ),( 22 xtO ∆∆ finite difference method (Gicev 2005, Lax and Wendroff 1964) 
for a set of simultaneous equations is then used to solve the problem. 

The time increment is obtained from the minimum ratio: 

 

14

14

minl

l xx
t

β
∆

β
∆

∆ =⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=  ,       (4.3) 

where the subscripts stand for the layer numbers counted from the base. 
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In the numerical model, the building is discretized as follows. The floor layers are discretized 
with three spatial intervals, while the number of the equal spatial intervals of the interstory layers 
is 14ll h/h3n ⋅= , where subscript stands for the layer number. In this way, we obtain an 
equidistant grid in the inter-story layers, so that for layer l, for example, the spatial interval is  

3
h

n
hx 14

l

l
l ==∆ .        (4.4a) 

At the floor levels, the spatial interval is  

3
hx l

l =∆ ,         (4.4b)  

and at the contact points i the spatial interval is  

2
xxx 1i1i

i
−+ +

=
∆∆

∆ ,        (4.4c) 

where i stands for the ordered number of the contact points. The numerical tests have shown that 
this discretization leads to good and stable results. In this way, the height of the building is 
discretized by a grid having 295 points and 294 intervals.  

Above the top point ( N = 295), an additional dummy point N’ is introduced, at distance ∆x14. 
For a stress-free point N, for all time, the velocities and the stress at the point N’ are updated as 

1' −= NN vv            (4.5a) 

1' −−= NN σσ  .          (4.5b) 

Equations (4.2) can be written in vector form as 

xt ∂

∂
=

∂

∂ FU  ,                     (4.6)         

where     

 

⎭
⎬
⎫

⎩
⎨
⎧

=
ε

v
U    and  

⎪⎭

⎪
⎬
⎫

⎪⎩

⎪
⎨
⎧

=

v
ρ
σ

F  .        (4.7) 
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The vector U at point i in time (j+1) t∆  expanded in Taylor series is  

)(
2

3

,
2

22

,
,1, tO

t
t

t
t

jiji
jiji ∆+⎟⎟

⎠

⎞
⎜⎜
⎝

⎛
∂

∂∆
+⎟

⎠
⎞

⎜
⎝
⎛

∂

∂
∆+=+

UUUU ,  and from Eq.(4.6) 

)(
2

3

,

2

,
,1, tO

xt
t

x
t

jiji
jiji ∆+⎟

⎠
⎞

⎜
⎝
⎛

∂

∂

∂

∂∆
+⎟

⎠
⎞

⎜
⎝
⎛

∂

∂
∆+=+

FFUU  

)()(
2

3

,

2

,
,1, tO

xx
t

x
t

jiji
jiji ∆+⎟

⎠
⎞

⎜
⎝
⎛

∂

∂

∂

∂∆
+⎟

⎠
⎞

⎜
⎝
⎛

∂

∂
∆+=+

FUAFUU  .  (4.8)  

A(U) is the Jacobian  matrix 

⎥
⎥

⎦

⎤

⎢
⎢

⎣

⎡
=

⎥
⎥
⎥
⎥

⎦

⎤

⎢
⎢
⎢
⎢

⎣

⎡

∂

∂

∂

∂
∂

∂

∂

∂

=
∂

∂
=

01

10)( ε
σ

ρ

ε

ερ
σ

ρ
σ

d
d

v
v
v
v

U
FUA  .    (4.9) 

Because the time history of the incident-wave displacements at the base is specified a priori and 
is assumed to be given by the recorded motion in channel 16 (Fig. 3), and because the top of the 
building is a stress-free boundary, our problem is a boundary-value problem with mixed 
boundary conditions, prescribed function (displacement) at the bottom, and prescribed zero 
derivative (of the displacement) at the top. 

Assuming that the stiffness and densities of each floor are known, our goal is to find the best 
values of the parameters ybε  and γ  (Fig. 8) of the bi-linear constitutive law of the 1-D model, so 

that the computed response agrees with the recorded one. 

 
 
5. ERROR ANALYSIS 
 
The nature of the problem we are studying is three-dimensional, and its constitutive relations are 
not bi-linear. Therefore, we cannot expect that the 1-D model will be able to replicate the 
recorded displacements exactly. With chosen constraints, we use the recorded displacements to 
find the best values of the parameters 0 ybε ε=  and γ , which will be assumed to be same for all 

soft layers (Fig. 8). The total displacements (linear + non-linear) obtained by our 1-D model 
versus time are shown in Fig. 9a. The corresponding plastic strain is shown in Fig. 9b. Both plots 
are presented for the full duration of the record (t = 60 s). It can be seen that the largest response 
occurs during the first 20 s. 
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We search for the best values of 0ε  and γ  by a trial-and-error procedure in the regions 

0045.0001.0 0 ≤≤ ε , with increments 0005.00 =ε∆ , and 5.005.0 ≤≤ γ , with increments 

05.0=γ∆ . For this range, we obtain the model responses for this coarse grid containing the data 
for 80 different models. 

Because the bulk of strong motion energy is concentrated in the first 20 s of the recorded 
displacements (Fig. 9), in the following we limit our search to those first 20 s only. For each of 
the mesh points, we obtain the synthetic response ( ) ,  0 t 20 smu t ≤ ≤  at the locations of the 

recorded responses ( ) ,  0 t 20 smr t ≤ ≤  and then compute the error vectors 

( ) ( ) ( )trtute mmm −= . To quantify the four error vectors and to estimate the error, at the second, 
third, and sixth floors, and at the roof (the respective locations of the recording channels Ch12, 

Ch11, Ch10, and Ch09), we compute their norm ( )mmm2 e,eerr = . The total error for each point 

( )0,εγ  is then chosen to be the sum of the errors in the four specified channels, ∑
=

=
4

1m
m22 errerr . 

The dependence of ( )022 ,errerr εγ=  on γ  and 0ε  is illustrated in Fig.10a. The minimum of the 

error for this coarse grid is at ( )0,εγ  = (0.4, 0.0015).  

Next, we vary 0ε  and γ   in the regions 0022.00013.0 0 ≤≤ ε , with increment 0001.00 =ε∆ , 

and 47.038.0 ≤≤ γ , with increment  01.0=γ∆ . This gives a fine grid with 100 points ( )0,εγ . 

As for the coarse grid, we obtain the ( )022 ,errerr εγ= , which is illustrated in Fig. 10b. The 

minimum of this error appears at ( )0,εγ  = (0.43, 0.0020), and its value is 2min 4.9err = . 

The results for ( )0m2 ,err εγ  at the locations of the recording instruments for the fine grid are 

presented in Fig. 11. The trend is that for the upper floors (Ch09 and Ch10) the minimum error 
appears at ( )0,εγ  = (0.43, 0.0020), while for Ch11 the minimum error appears at 41.0=γ  at 

smaller 0ε , and at Ch12 at ( )0,εγ  = (0.45, 0.0021). Using the minimum cumulative error, we 

choose the yielding strain 002.00 =ε  and 43.0=γ  as an approximation for the constitutive law 

of the material ( )εσσ =  in all layers.  
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Fig. 9. a) Displacement along the beam (in meters) versus time. b) Permanent strain along the beam     
versus time. 
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Fig. 10. 2-norm of the cumulative error vector as a function of γ , and the maximum elastic strain, 0ε : a) 

with coarse grid ( 0,γ ε ), and b) fine grid ( 0,γ ε ). 
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Fig. 11 Errors at the recording channels 9, 10, 11 and 12, versus γ  and 0ε . 
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Fig. 12. Comparison of recorded (fine line) and computed (wide line) displacements. 
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In Fig. 12, the time histories of the recorded (solid line) and computed (wide line) displacements 
are shown for all recording channels, for 002.00 =ε  and 43.0=γ . We note that the error can be 

reduced further by varying γε  and 0 in different layers, and by searching for time dependence of 

γε  and 0 . We will present such refinements in our future studies, which will be based on more 

detailed models. 

6. RESULTS 
 
 
In Fig.13, the field of the total displacements is shown for all beam points. Fig. 14 shows the 
field of the total displacements at the points where yielding occurred. Both plots describe the first  

 

t (s
)x (m)

u (m)

 

Fig. 13. Total displacement along the beam during the first 20 s of response. 
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20 s of motion, and it can be seen that up to about t = 4 s the response is linear, while starting at 
about t = 4 s all the points in the inter-story layers yield. The floor slabs remain linear.  

 

 

t (s
)x (m)

u (m)

 

Fig. 14. Displacement along the beam where permanent strain occurred, during the first 20 s of response. 
 

The largest absolute displacement at the top of the building occurs at t = 9.38 s, and the 
displacement along the beam, )x(u  at this instant is shown in Fig. 15a. Also, in this figure, the 
residual displacement along the beam after the end of the excitation is plotted using a dashed 
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line. The largest permanent (nonreversible) strains occur in the fourth- and fifth-story columns 
(seventh and ninth layers), and their values are 022.0p −≈ε  (Fig. 15b).  
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Fig. 15a. Displacement along the the beat at t = 9.38 s when the maximum occurs at the roof (solid line), 
and 2 s after the end of excitation, at t = 62 s (dashed line). 
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Fig. 15b. Permanent strain along the beam at t =9.38 s, when maximum displacement occurs at the roof. 
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Fig. 16 shows the permanent strain, pε , along the beam versus time. Up to approximately 4 s, 

there is no permanent strain. At about 4 s, all soft layers yield. From 4 to about 8.5 s, the 
permanent strains are relatively low, and from 8.5 to 10 s permanent strains increase further. 
After 10 s, the strains in the building are small again (Fig.16). 

t (s
)x (m)

perm

ε

 

Fig. 16. Permanent strain permε  along the building during the first 20 s of excitation. 

 

Fig. 17 shows the “permanent” ductility, defined as the ratio of the permanent strain and the 
yielding strain,  

y

p

ε

ε
µ = ,        (6.1)  
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as a function of time. This type of plot is useful from the damage detection point of view because 
it shows when and where the failure in structural members occurred. In Fig. 17a, the positive 
values, and in Fig. 17b the negative values of permanent ductility are shown. 
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Fig. 17a. The ratio perm 0/µ ε ε=  along the building during the first 20 s of excitation. Positive values. 
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Fig. 17b. The ratio perm 0/µ ε ε=  along the building during the first 20 s of excitation. Negative values. 

 

As can be seen, at t = 9.38 s, when the maxima of the permanent strain occurred, the ductility 
was the largest and had the value 99.10−=µ  in the columns of the fourth floor, just below the 
spandrel beam, and the fifth floor slab (in the seventh layer of the model, Table 4.1). The 
ductility in the columns of the fifth floor (ninth layer of the model), was 30.10−=µ , close to the 
largest ductility just below. The maximum of the permanent strain occurred at t = 8.58 s.  

Earlier, at t = 4.19 s, at the same location, the ductility reached a positive value of 22.7=µ , 
while at t = 3.59 s the largest negative ductility, 99.5−=µ , occurred in the fourth-story columns 
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(seventh layer in the model). These were large ductilities, and  as we could see after the 
earthquake, the fourth-story columns were severely damaged, starting  at t = 3.59 s and t = 4.19 s 
and then through t = 9.38 s.  
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Fig. 18. The interstory drifts along the building, at times when the maxima occur. 
 

Fig. 18 shows the maxima of the drifts along the building height, x(m), where 

l

1l1l

h
uu)l(drift −+ −

=  , and where l stands for the layer number, at the time when those occurred. 

It can be seen that within about 1 s (from t = 8.5 s to t = 9.5 s) all columns experienced their 
maximum drifts. In Fig. 19, these drifts are plotted versus the height of the building, and the 
times when the maxima occurred are shown. The residual drifts, after the shaking stopped, are 
shown by a dotted line. It can be seen that the largest drifts, equal to 0.023, occurred in the 
seventh layer (columns of the fourth story) at time t4 = 8.64 s. 
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Fig. 19. Maxima of the interstory drifts in the Holiday Inn building during Northridge earthquake, 
showing time when those occur (solid line), and at two seconds after the end of excitation, at t = 
62 s (dashed line). 

 
 
Figures 18 and 19 show that the peak inter-story drifts propagated up, apparently as a strong-
motion pulse entered and propagated up the building with velocity of about 55 m/s, reaching the 
maximum values between 8.46 s and 8.84 s. The largest drift occurred between the fourth and 
fifth floors, precisely at the location where the damage could be seen after the earthquake (Fig. 
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4). Upon reflection from the roof, the displacements (and drift) amplitudes doubled, as this burst 
of strong-motion energy continued on its path downward. This doubling of the amplitudes in turn 
increased the drifts at the fifth, sixth, and seventh floors (Figs. 18 and 19). As this down-
propagating energy encountered the broken columns (just below the fifth floor slab) it lost 
enough energy, and in its propagation down it did not further increase the peak drifts at the fifth 
through first floors, which were created during the preceding 0.2 to 0.3 s. 

The above apparent velocity of 55 m/s, associated with upward propagation of peak strain, is in 
agreement with the average speed of shear waves, 54.8 m/s, during the time window of 7 < t < 
12 s (Todorovska and Trifunac 2006d), estimated via impulse-response travel-time analysis. This 
shows that the occurrence of peak strains is associated with propagation of prominent ground 
motion pulses and the waves those pulses produce in the buildings. It shows that the peak drifts 
can occur during one travel time, up or down the building, or during one quarter of the 
fundamental, fixed-base period of the building, 1 / 4T . Neither the vertical distribution of the 

peak drift amplitudes, nor the time of their occurrence, can be described directly by the Response 
Spectrum Method of analysis.  

In engineering design, the drifts can be used to calculate the inter-story forces. Assuming fixed-
fixed column ends, these forces are 

( ) l1l1l3
l

Fuu
h
EI12

=− −+  ,       (6.2a) 

or, using the drift,  

l

l
3
l h

Fdrift
h
EI12

=⋅ .        (6.2b) 

In the above equations, E is the modulus of elasticity, I is the moment of inertia of the column 
cross section, u is displacement of the “rigid” floor, h is the height of the column, and F is the 
inter-story force. The subscript l stands for the order number of the column. Having E and I, all 
of the inter-story forces can be evaluated, and the equivalent static analysis of the building can be 
performed. 

Summarizing the above results, the maximum ductilities (Fig.17a,b) and the maximum inter-
story drifts (Fig.19), as well as the ratios between the maximum strains 

( ) ymaxpymax 1 εµεεε ⋅+=+=  (see the definition of the permanent ductility in Eq. 6.1) and  the 

maximum inter-story drifts at different layers are as shown in Table 6.1. 
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Table 6.1 
 

Layer 
i max

µ  
(permanent ductility  

Fig. 17a,b) 

max
drift  ( )

max

yimax

drift
1 εµ ⋅+

 

1   4.25 0.01286 0.817 
2   4.86 0.01182 0.991 
3   8.62 0.02036 0.999 
4 10.99 0.02343 1.023 
5 10.30 0.02327 0.971 
6   7.75 0.01784 0.981 
7   3.90 0.01003 0.877 

 
 
 
As would be expected, it can be seen from the last column in this table that the maximum strains 
are approximately equal to the maximum drifts.  

 
7. PUSH-OVER ANALYSIS 
 
 For the static push-over analysis, we use the properties of the building (Table 4.1) 
represented by one-dimensional shear-beam model. For the wave-propagation analysis, the 
boundary condition at the bottom was the prescribed displacement. For the static analysis, there 
is zero displacement at this boundary. At the top of the beam, we use the same boundary 
condition as that used for the wave propagation analysis—zero derivative of the displacement 
with respect to the vertical coordinate. 

We describe the static load as follows. We define 0( )bf H f= , and (0) 0f = , where ( )f x  is the 

horizontal force per unit volume. For bWfrF ⋅= , where F is horizontal force per unit square 

(width = 1, length = 1) of the building, fr is the fraction 0 < fr < 1, and ∑
=

ρ=
14

1i
iib hW  is the 

weight of the building per unit square (width = 1, length = 1), we have F
2
Hf b0 =

⋅
 and 

b
0 H

F2f = . 

From equilibrium at an arbitrary point x and for triangular distribution of static load 

dzdydx)x(fdzdydx
x

⋅⋅⋅−=⋅⎟
⎠
⎞

⎜
⎝
⎛ −

∂

∂
+ σ

σ
σ        (7.1) 
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or 

( )xf
x

−=
∂

∂σ  ,        (7.2) 

where  ( )
b

0

H
xf
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⋅

= , 

and for a cell i ⎟⎟
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i
i , approximating (7.2) by Finite Differences (FD): 
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2/1i2/1i xf

x
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− −+

∆
σσ

.       (7.3) 

Assuming linear stress and approximating (7.3), we have: 
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By solving the system FAu = , where A is the tri-diagonal (n - 1,n - 1) matrix 
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F   is the load vector, 

we can find the displacement vector    
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This is the linear solution. The next step is to compare the strains 
12

2
2,1 xx

0u
−

−
=ε  ;  

23

23
3,2 xx

uu
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=ε ;…;

i1i

i1i
1i,i xx

uu
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+
+ ;…;

1NN

1NN
N,1N xx

uu

−

−
− −

−
=ε  with the yielding strain 002.0y =ε  

(see the description of the trial-and-error procedure in section 5, which gives the best values for 
( , ) (0.43,0.002)yγ ε = . 

If  y1i,i ε>ε + , the displacements in Eq. (7.5) should be recalculated by rearranging the 

coefficients of the matrix A (which are related to the displacements iu  and 1iu + ) by adding a 
term in the vector F at the location of fi and fi+1, as in the following. 

 

The non-linear static stress between the points i and  i+1 for the bi-linear constitutive law can be 
expressed as 
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( )py2/1i1i,i γε+εµ=σ ++  ,       (7.6) 

where in our example 002.0y =ε  is the yielding strain that is assumed to be the same 

everywhere in the building.  

Because y
i1i

i1i
yp xx

uu
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−

−
=ε−ε=ε

+

+ , the equation (7.6) can be rewritten as  
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Solving Eq. (7.7), we obtain the corrected static solution for triangular load vector. 

The pair (displacement uN, fraction fr) then gives one point on the push-over curve for the 
triangular load. 
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Fig. 20. Push-over curves for one-dimensional model described in Table 4.1 and for triangular and 
uniform load distributions. 
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For uniform load vector, the system of equations is the same, except that for the load vector, all 

of the components become the same and equal to 
b

b

H
W

f = .  

The computed push-over curves for horizontal uniform load 
b

0 H
Vf =   and for triangular load 

b
0 H

V2f = are shown in Fig. 20. The coordinates of the first yield points (circles in Fig. 20) in 

different inter-story layers are shown in Table 7.1 (for uniform load) and Table 7.2 (for 
triangular load) sorted by the amplitude of W/V . 

  
Table 7.1 Occurrence of yield points in different layers for uniform load 

 
Inter-story layer 

i 
V/W roofu  

(cm) 
4 0.052 2.61 
3 0.053 2.67 
1 0.061 4.02 
5 0.066 4.46 
2 0.071 5.34 
6 0.095 9.27 
7 0.174 18.08 

 
As can be seen from the tables, the first yielding occurs in the fourth-story columns for 
approximately the same roof displacement and for both the triangular and uniform load cases. 
The yielding then occurs next at the third story. 

Table 7.2 Occurrence of yield points in different layers for triangular load 
 

Inter-story layer 
i 

V/W roofu  
(cm) 

4 0.037 2.62 
3 0.040 3.21 
5 0.041 3.76 
6 0.055 7.09 
2 0.059 7.55 
1 0.062 9.23 
7 0.094 11.99 
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The yielding at the bottom (the first story) occurs for the same horizontal shear force, and the top 
column yields last in both load cases. After the yielding in the columns of the fourth and third 
stories has occurred, for triangular load the upper stories (five and six) yield earlier than the 
lower stories (two and one), while for the uniform load the lower stories yield earlier than the 
upper stories (floor one yields earlier than five, and two yields earlier than six). 

 
8. CONCLUSIONS 
 
 
Using the simple one-dimensional finite-difference representation of a non-linear model, we 
showed that it is possible to interpret details of the response of a real seven-story hotel building 
in Van Nuys, California, which was excited by strong ground motion during the 1994 Northridge 
earthquake. The characteristic damage to this building occurred in the fourth-story columns, just 
below the spandrel beam along the fifth-story slab during the time interval between 4 and 9 s 
from the beginning of the shaking. With our simple model, we were able to confirm these 
observations and to show why this failure occurred at this location.  

This study shows that the finite difference calculations can be used successfully even for the 
simplest representation of a building and with non-linear wave propagation through an 
equivalent continuous model. This also shows that even with a simple wave-propagation 
approach one can predict the response characteristics that are obviously present in buildings 
during earthquakes but that cannot be deciphered by a response analysis based on the concept of 
the response spectrum (Biot 1932; 1934; 1941; 1942) or by push-over analysis, which favors that 
part of the response that is close to the first linear mode shape.  

The static push-over analysis of the layered shear-beam model of the VN7SH building predicts 
the first occurrence of non-linear response at the fourth and third floors, which is followed by the 
initiation of the non-linear response at the first, fifth, second, sixth, and finally the seventh floors, 
for the assumed uniform load distribution (and similarly at the fourth, third, fifth, sixth, second, 
first, and seventh floors for the triangular load), for the roof displacements between 2.6 cm and 
18.1 cm. Our wave propagation analysis shows, however, that the occurrence of non-linear drifts 
is governed by the passage of large strong-motion pulses that propagate up and down the 
building during time intervals that are on the order of 1 / 4T , where 1T  is the period of the fixed-

base model of the building, in its current linear or non-linear state of response. In VN7SH, 
during the 1994 Northridge earthquake, 1T  increased from about 1.1 s, during the first 3 s of 

response, to 1.5 s, from 25 < t < 60 s of shaking. During the time window from 7 to 12 s, when 
the largest response and most severe damage occurred, the average value of 1T  was 1.47 s, and 

1 / 4T was about 0.37 s (Todorovska and Trifunac 2006d). 
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Fig. 5 shows that in terms of the push-over analysis, the stiffness of our FD model of VN7SH is 
in excellent agreement with all previous studies for relative roof displacements up to about 6 in. 
Beyond this amplitude, our model continues to deform with constant slope, determined by γ = 
0.43 and the triangular or uniform distribution load, while the discrete models lead to the column 
failures and to formation of mechanisms. The agreement of these approaches is to be expected, 
because all previous studies as well as the present study must satisfy the observed period of 
vibration during the recorded earthquake response. The principal differences between the present 
and the previous studies are the consequence of the continuous (this study) versus discrete (all 
previous studies) representations of the building model. The continuous FD model can represent 
realistically short waves in the building, which makes it possible to consider, and to analyze, the 
consequences of abrupt high-frequency pulses associated with near-field ground motion, 
resulting in linear and non-linear response. The discrete models, with lumped mass at the floor 
levels, present a low-pass filtered view of the short strong-motion pulses, and thus cannot 
describe accurately for time and space evolution of the non-linear response.  

Strong ground motion can be viewed as a sequence of pulses that propagate up and down the 
building, reflect off the roof, and create zones of non-linear response, which depend upon the 
amplitudes and the duration of those pulses. Such representations not only broaden our 
understanding of the true nature of the non-linear response but also allow us to predict and then 
to control certain unwanted features of non-linear response that are associated with strain 
localization, interference, and amplification of non-linear deformations. 

The application of the method we employed in this paper is not limited to equivalent, 
homogeneous, layered representation of the building. We chose such a simple model only to 
illustrate the method and to test its potential for excitation with relatively long incident seismic 
waves. Geometrically far more detailed finite-difference models, in two and three dimensions, 
can easily be constructed and implemented. 
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