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ABSTRACT - A two dimensional building-foundation-soil inter-

action model has been used to study how much the lateral forces

in long buildings may be underestimated by neglecting the input
rocking excitation, and by approximating the foundation input
motion in soil-structure interaction problems by a frequency in-

dependent translation only. The ratio R(71) =1 u^rel I /I ubecom I has

been studied, where
ubrel

is the response at dimensionless fre-

quency rl to the «true» foundation input motion, and
uerel

,eom is

the response to the (common)> approximation (horizontal motion

only) of the foundation input motion. Three «huildings> have

been analyzed: 1, 10, and 50-storeys high, represented by equi-

valent single degree-of freedom oscillators, supported by circu-

lar foundations (depth-to-half-width ratio h/a = 1 and 0.5) em-

bedded in a homogeneous and elastic half-space, and excited by

plane P- and SV-waves and by surface Rayleigh-waves.

The results show that R(q) is mostly affected by the amplitude

of the rocking component of the foundation input motion, cp'"P, and
by the building height. 9((71) is larger when the input rotation is
larger and when the building is higher. Of all the excitations con-
sidered, the foundation input rotation is the largest for incident

SV-waves beyond critical angle and for incident Rayleigh-waves.

For the cases studied, for incident Rayleigh-waves and for semi-
circular foundation, R(71) can be as large as 3 for the 1-storey
building, 5 for the 10-storey building, and 9 for the 50-storey

building. For higher buildings, the building and the foundation
masses affect R(-q) through the compliance forces that modify the

displacement at the building base. For a 50-storey building mod-
el, x(71) is smaller when the building and the foundation masses
are larger. Because of /I/ the simplicity of the soil representation

and /2/ the two dimensional nature of the building models, the re-

sults in this paper can be considered only to apply for transverse
vibrations of long buildings responding mainly in the first mode
of vibration. More detailed quantitative studies must include de-

tailed modeling of the geology at the building site, three-dimen-
sional building and foundation models, and use of recorded rock-
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ing accelerograms (when those become available). We leave

analyses of these model characteristics for a future paper.

Introduction

In the common engineering practice, the rocking
component of the input motion of buildings exposed to
strong earthquake ground shaking is usually neglected.
Even in analyses that include the soil-structure interac-
tion effects, the lateral forces in the building compo-
nents are evaluated assuming only horizontal founda-
tion input motion (the foundation input motion is ap-
proximated by horizontal translation with constant
amplitude for all frequencies). This corresponds typi-
cally to vertically incident shear waves and buildings
on surface foundations. The rotational components of
the input motion are included usually only in special-
ized analyses using soil-structure interaction models
(Luco, 1980). The aim of this paper is to begin with
some simple estimates of how much larger the forces
in the buildings may be if the input rocking is not ne-
glected.

Studies have shown (Trifunac, 1982; Todorovska
and Trifunac, 1990) that the rocking component of
ground motion may not be negligible in contributing to
the total base excitation of buildings (e.g.,plane SV-
waves in a half-space with incidence beyond critical
angle, and incident surface Rayleigh-waves). For build-
ings on softer soils and on embedded foundations, the
input base rocking can be significant even when the
free-field motion has zero point rotation (e.g. vertically
incident SV-waves in a half-space or plane SV-waves
in a half-space with incidence at critical angle). In a
more realistic geologic environment, such as layered
half-space, it has been shown (Trifunac, 1971,1972)
that as much as 70 to 90 percent of the energy arriving
at a site, from distant or shallow earthquakes, may be
via surface waves. Lomnitz (1990) considers the exist-
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ence of surface gravity waves in the soft sediments of
Mexico City during the 1985 earthquake, locally gener-
ated after a transition from elastic to hydrodynamic
regimes at a critical strain level. Those waves would
have wave lengths - 20 m, decay very fast with depth,
would be characterized by a prograde elliptical particle
motion, and would produce large strains and rocking
close to the surface. Lomnitz discusses the possibility
that those short surface waves might have been respon-
sible for the damage of many modern high-rise build-
ings with shallow foundations, while harming only little
the old colonial buildings that, over the years, had sunk
at least two stories below street level, due to their
weight.

Because of lack of recordings of rotational compo-
nents of strong ground motion, attempts have been
made to construct rocking and torsional accelerograms
from the recorded translational components of the
ground motion (Lee and Trifunac, 1985, 1987; Castel-
lani and Boffi, 1986, 1989; Niazi, 1986). For example,
the computer code NSYNACC (Lee and Trifunac,
1985, 1987) generates rocking and torsional free-field
time histories at a point on the surface, given the geo-
logic structure (approximated by horizontal layers) and
the Fourier spectra of recorded translational compo-
nents of motion at the site. Niazi (1986) used conven-
tional recordings of the 1979 Imperial Valley, Califor-
nia earthquake by the El Centro Differential Array to
estimate the rocking and torsional components of
strong ground motion. Gupta and Trifunac (1990a,b)
included rocking excitation in the analysis of the re-
sponse of buildings by probabilistic spectrum superpo-
sition methods. In Gupta and Trifunac (1990a), the
amplitude and phase of the input rocking were those
for a homogeneous half-space with plane-wave inci-
dence, and in Gupta and Trifunac (1990b), those calcu-
lated by NSYNACC. Further studies have shown that
tall buildings, supported by soft soil (shear wave veloc-
ity less than 100 m/sec) and excited by distant large
earthquakes (with prominent spectral peaks in the long
period range, T > 1 sec), can experience larger shear
forces and bending moments than what is indicated by
the conventional analyses. It has been shown (Gupta
and Trifunac 1989; 1991) that these increases can be
attributed to the additional excitation by ground rock-
ing. However, these studies did not address the kine-
matic soil-structure interaction, to see which aspects of
the wave passage effects play the prominent role in this
process. Thus, one aim of the present work is to initiate
analyses of those additional effects, first under simple
and controlled conditions, enabling us to outline the
most likely conditions where the wave passage effects
play an important role in contributing to larger shear
forces and overturning moments in response of build-
ings to strong earthquake excitation.

The study in this paper is a continuation of the work
of Todorovska and Trifunac (1990, 1992). The ampli-
fication of the relative building response, due to the
input base rocking excitation, is analyzed using the
same two dimensional (2D) model as in Todorovska
and Trifunac (1992), for incident plane P- and SV-
waves and surface Rayleigh-waves. In this model, the
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soil is represented by a homogeneous elastic half-space
and the building is an equivalent single degree-of-free-
dom oscillator supported by a circular rigid embedded
foundation. The real buildings are three-dimensional,
they usually have prismatic foundations, for taller
buildings the contribution of the higher modes of vibra-
tion to the response should not be neglected, and a
homogeneous elastic half-space and plane incident
waves are too crude idealizations of the realistic geol-
ogy under the building site and of a realistic earthquake
excitation. Thus, the purpose of this paper is only to
illustrate how large the contribution of the rocking
component of the foundation input motion could be, for
simple two-dimensional models, and to see for which
parameters of the building soil system such contribu-
tions may be important.

The model

The model (Fig. 1) is an equivalent single degree-of-
freedom oscillator (mass mb per unit length in the y-di-
rection, height H, radius of gyration rb, fixed-base natu-
ral frequency coN and damping ratio 0 on a rigid circular
foundation (width 2a, depth h, and mass mf per unit
length in the y-direction), embedded in a homogeneous
half-space (shear wave velocity, /3, shear modulus, µ and
Poisson's ratio v). The oscillator consists of a bar with
concentrated mass at one end, and a rocking spring with
a dashpot at the other end, connecting it to the founda-
tion at point O. The center of the foundation surface is at
O, and the model response, relative to the foundation, is
measured by the angle l/fe'. The foundation motion is
described by the horizontal translation A (positive to the
right) and the vertical translation V (positive down) from
point O, and by the clockwise rotation cp about O. Using
a linear analysis, the relative response of the oscillator,
in terms of monochromatic motion at the base

0 _ Ope-i ^t and q = C 0e-imt is i/j"
_ 0rele-imt

where

rel

0 z z
zto to g mbH

1-2i^ - - 2
WN wN

w H I
O

_ (1)

In Eq. (1), g is the acceleration due to gravity, and

z

Io =mbHz 1+^rb
H

is the moment of inertia of the

oscillator about O. The height, H, and the radius of
gyration, rb, of the equivalent oscillator can be related
to the height, Hsh, and width, Wsh, of a homogeneous
shear beam building model, with same mass above
foundation level and same moment of inertia about
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Foundation Input Motion, Incident P-Waves
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Fig. I - The model: an equivalent single degree-of-freedom oscillator,

supported by a circular foundation embedded into a homogeneous elastic

half-space, and excited by incident plane P- and SV-waves, or by surface
Rayleigh waves. The oscillator consists of a rod with a concentrated
mass at one end, and a rocking spring and a dashpot (not shown in this

figure) at the other end. A, V and are the absolute horizontal and ver-
tical translations, and the rotation of the foundation about point O.

point 0 on the base , as: H = Hse / - ^ _ 3 and r h = W e

The terms in Eq. (1) that include g come from the dy-
namic moment of the gravity forces acting on the oscil-
lator. Those are neglected in the calculations in this
paper.

The equations of motion of the system result from
the dynamic equilibrium equations of the foundation.
For monochromatic excitation , with circular frequency
w, those can be written in matrix form as:

[Mf ]A = F(") - F(s) - F(f)
B (2)

where [Mf ] = diag{mf, m, of) / H2 } is the mass matrix
of the foundation, and A V, ., cpH }' is the gener-
alized displacement vector of the foundation. F (') _

{f(h) f(h) Mo") / HIT F(s) = { fts) f(s) Mos) I HIT and
FQf) = {0, 0, mfgccp / H}Tare generalized force vectors of
the outside vertical and horizontal forces and moments
(about 0 ) acting on the foundation . f (") (pointing
down), f ") (pointing to the right) and M,(55 (clockwise)
are exerted by the building ; f 15) (pointing up), fps)
(pointing to the left) and Mos) (counter-clockwise) are
exerted by the soil ; mfgccp (counter-clockwise) is the
moment of the gravity forces acting on the foundation
and c is the coordinate of the center of gravity of the
foundation . The moments of the vertical inertia forces
of the building and of the foundation have been ne-
glected both in Eq . ( 1) and in Eq. (2), because they
produce second order terms of the foundation and rel-
ative building displacements (the analysis in this paper
is linear).

Expressions for F(" ) can be found in Appendix B. It
is customary to decompose F(s) into two vectors Fo `)
and Fo ) . Fos) represents the foundation driving forces,
which represent the integrals of the stresses produced
by the free -field motion and acting on the foundation
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Fig. 2 - Foundation input motion (response of a massless rigid founda-
tion to the incident waves), versus the dimensionless frequency s, for a
semi-circular (hla = 1) and for a shallow (hla = 0.5) foundation. The
excitation is a plane P-wave with unit displacement amplitude.

kept at rest. Those are equal in magnitude and act in
opposite direction of the forces that must be applied to
the foundation to keep it at rest when it is exposed to
the action of the free-field motion. The components of
F(') are integrals of the stresses induced in the half-
space, as it deforms because of the moving foundation.

Fo _ -21-t[Q]A, (3)

and 2µ[Q] is the foundation impedance matrix. Fo`1 is
equal in magnitude, but with opposite sign of the gen-
eralized force vector of the outside forces that must be
applied to the (massless) foundation to displace it by
generalized displacement vector A

The displacement of a massless foundation under the
action of the incident waves, in the absence of any oth-
er external forces, is usually called foundation input
motion and in this paper it will be denoted by A'np =
{ V'nP 0'm O°PH}T. Then the foundation driving forces
Fos) can be expressed in terms of A'nP and of the foun-
dation impedance matrix [Q]

Fos) = 2/-r[Q]A N (4)

Analytical expression for [Q] and for Fos) (for inci-
dent plane P- and SV-waves and incident Rayleigh
waves) for cylindrical foundations can be found in To-
dorovska and Trifunac (1990).

Results and analysis

FOUNDATION INPUT MOTION

For building models on rigid foundations, the foun-
dation input motion is the response of the foundation,
assumed to be massless, in the absence of the building.
In general, the foundation input motion differs from the
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free-field motion on the half-space surface. (The free-
field motion is the motion of the half-space in the ab-
sence of any irregularities.) In Fig. 2, Fig. 3, and Fig.
4, the foundation input motion is shown versus the di-
mensionless frequency 77 (rl = 2al(3T, where T is the
period of the excitation) for incident plane P-waves
(Fig. 2), plane SV-waves (Fig. 3), with unit displace-
ment amplitude, and surface Rayleighwaves (Fig. 4),
with unit horizontal displacement amplitude on the
half-space surface. The incident P-waves have angles of
incidence (measured from the vertical) y = 0°, 30°, 60°
and 85° and the SV-waves have angles of incidence y
= 0°, 30°, 45°, 60° and 85°. For incident P-waves and
SV-waves below critical angle (Poissons ratio v =
0.3333 in all the examples, implying y,,,, = 30°), the
foundation input motion is shown for a semicircular
foundation (h/a = 1) and for a shallow foundation (hla
= 0.5). For incident SV-waves beyond critical angle
and for Rayleigh-waves, curves are shown only for h/
a = 1, because of the insufficient accuracy of the nu-
merical calculations for smaller values of h/a. A further
and a more detailed interpretation of the characteristics
of the foundation input motion as in Fig. 2, Fig. 3, and
Fig. 4 can be found in Todorovska and Trifunac
(1990).

In calculations of the lateral forces in buildings, the
dependance of 0'n' on the wavelength of the incident
waves is usually neglected, and cp1°P is assumed to be
equal to zero. The common approximation of the foun-
dation input motion, A "P, , consists only of a transla-
tion, with amplitude equal to the horizontal amplitude
of the free-field motion on the surface, uff. In Figs. 2, 3,
and 4, u is the limit of 0'nP as 71 -* 0. Taking the rel-
ative horizontal response ub°' = qf re1H to be representa-
tive of the lateral forces in the buildings, in this paper,
the relative response ube' , produced by incident waves
with foundation input motion as in Fig. 2, Fig. 3, and
Fib. 4 will be compared with the relative response
ubecom produced by foundation input motion
Ac m = {0, u , 0}T. Comparing 0'°P in Fig. 2 and Fig. 3
with Am m it can be seen that Amp overestimates the
horizontal displacement at higher frequencies, but ig-
nores the rotation at all frequencies. As r) -* 0 (i.e. the
wavelength of the incident waves is very long),
0'°P 0 om and (p` -4 0. However, for incident SV-
waves beyond critical angle and for incident Rayleigh-
waves, the rotation cp'°P is not negligible even for rela-
tively small values of r). How this will affect the re-
sponse of buildings of different height, will be illustrat-
ed by the following examples.

EXAMPLE BUILDINGS

Three example <<buildings>> will be considered: /1/ a
single storey building (height 5 in, width 10 in and
fixed-base natural frequency TN = 0.1 sec), /2/ a 10 sto-
rey building (height 50 in, width 20 in and fundamental
fixed-base frequency TN = 1 sec), and /3/ a 50 storey
building (height 250 in, width 30 in and fundamental
fixed-base frequency TN = 5 sec). It is assumed that the
width of the building is equal to the width of the foun-
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Foundation Input Motion, Incident SV-Waves
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Fig. 3 - Foundation input motion (response of a massless rigid founda-

tion to the incident waves), versus the dimensionless frequency rt, for a

semi-circular (hla = 1) and for a shallow (hla = 0.5) foundation. The

excitation is a plane SV-wave with unit displacement amplitude.

Foundation Input Motion
Incident Rayleigh-Waves

V

A

1

00
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0.5 1.0 15 2.0

,n
Fig. 4 - Foundation input motion (response of a massless rigid founda-

tion to the incident waves), versus the dimensionless frequency 71, for a

semi-circular foundation (h/a = 1). The excitation is a surface Rayleigh-

wave with unit horizontal displacement amplitude.

dation , 2a, and that, typically , the ratio between the
density of the building and of the soil ph/ps = 0.2. The
properties of the equivalent shear beam models (Todor-
ovska and Trifunac, 1990 ) and of the equivalent single
degree-of-freedom models that correspond to those
three <<buildings >> are given in Table 1. (Both models
have same mass and same moment of inertia about
point 0, which implies H = Hsb / V3 and >;b = 'Kb / 12. )
Also , in this table , the dimensionless fixed-base fre-

2a
quency 7lN = ^T is given for two values of the shear-

N

wave velocity in the soil : /3 = 1000 m/s (<<hard» soil)
and /3 = 50 m/s (<soft» soil, e.g. in Mexico City). The
ratio mb/ms is for a semi-circular foundation . n denotes
the number of stories . Guided by the values in Table 1,
the following values of Hla, mblmf and moms will be
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Incident SV-waves , mf/ms=0.2, C=0.05, h/a=1
Y= 0°, ---- 7=30°, --- Y=60°, - - 7=85°

H/a=0.6 H/a=3
mb/mf=1.2 mb/mf=6
TIN=0.5 TIN=0.2

8 H 8

Incident P-waves , mf /ms=o.2, C= 0.05, h/a=1
7=30°, - - Y=60°, - -- 7=85°

R H/a=0.6 H/a=3 H/a=10

b mb/mf=1.2 b mb/mf=6 mb/mf=20
TIN=0.5 a TIN=0.2 L 7N=0.05

4

3

L L

2

0 ^ 1-1 1 I 1 I I I

0 1 2 0 1 2 0
7) 7) 7)

1 0 1 1 i I I I I I I I I I I

2 0 1 2 0 1 2 0
7) 7)

Fig. 5 - R = R (the ratio of the relative response to the <<true>> founda-

tion input motion A°P and to the <<common>> approximation A'), ver-
sus the dimensionless frequency 71, for incident plane SV-waves, for
three buildings (a 1-storey, a 10-storey, and a 50-storey) on semi-circular
foundations. The different lines correspond to different incident angles.

used in the calculations:

n=1 H/a=0.6 mb =0.3,0.6,1.2 mf =0.2
mf ms

n=10 H /a=3 mb =1.5,3,6 mf =0.2
mf ms

n=50 H / a=10
mb

=5 ,10,20 mf =0.2
mf ms

In some of the examples, a range of values of mb/mf
is taken for each value of H/a; the second value of mb/
mf corresponds to the typical value pjps = 0.2; the first
and the third values of mb/mf correspond to twice and
half of the typical value of pulps.

THE SYSTEM RESPONSE

The soil-structure system (Fig. 1) responds with
translation and rocking of the foundation, and by mo-
tion of the oscillator relative to the foundation. The
transfer-function between the oscillator relative re-
sponse and the incident wave motion differs from the
transfer-function of a fixed-base model. The frequency
and the amplitude of the peak in the transfer-function
of a flexible-base building depend on the shear-wave
velocity and the damping in the soil, on the building
mass, height and fixed-base frequency, and on the
foundation mass and shape. The system frequency (the
frequency of the peak) is always smaller than the fixed-
base frequency; the lower limit is the system frequency
of a rigid building oscillating in the elastic half-space.
In this paper, rl<Ys is the dimensionless system frequen-
cy (it is the frequency of the peak response, when the
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Fig. 6 - R = . (the ratio of the relative response to the utrue>> founda-
tion input motion A "P, and to the «common» approximation 0°P ), ver-
sus the dimensionless frequency rl, for incident plane P-waves, for three
buildings (a 1-storey, a 10-storey, and a 50-storey) on semi-circular

foundations. The different lines correspond to different incident angles.

transfer-function is in terms of the dimensionless fre-
quency ij ). The amplitude of the peak in the relative
response transfer function is always smaller for this
model than for the fixed-base model (Todorovska and
Trifunac, 1992). This is, however , not always the case
if there is material damping in the soil (Bielak , 1971).
In the limit when the soil is infinitely stiff compared
with the building , the system frequency approaches the
fixed base frequency , and the peak relative response
approaches the fixed base peak relative response.

AMPLIFICATION OF THE RELATIVE RESPONSE

I
7)

To see how much larger the relative response may
be because of the presence of the rocking input motion,
the ratio R(n) =1libel I /I U"' m I, where libel is the response
to the otrue>> excitation and ube°°m is the response to the
<<common>> excitation, was calculated for the three ex-
ample buildings. The <<true>> excitation is the foundation
input motion for incident plane P- and SV-waves and
Raleigh waves, normalized by the amplitude of the
horizontal component of the free-field motion (Fig. 2
and Fig. 3). The gravity forces are neglected in all the
calculations of ube' From Eq. (1), neglecting the terms
involving g it follows

libel _
q J H = C(to, w , 1 2 A+ (pH

C H

(5)

1+

where C(w, coN, 0 is a function describing the response
characteristics of the fixed base building model, and A

EUROPEAN
EARTHQUAKE

1, 1992



and cp are the horizontal and the rocking motions of the
building base. Then

IC(rh lN, ^)

1+

1+

1
A+ ( Hp

rb
12

^H)

1

^ + H

I C(r^, 7N' fl I

I C(r7, '►)N' f) I

1
/ \2 com Pcom

Yb

I+

1
p

)
2

Yb

^H)

2 Acom + ^pcomH

Z + c H

which implies

1+

1 o+ H

1+

^
( Yb12
^H )

1
A + co H2 com cam

C HJ

(6)

(7)

In Eq. (7), A is a sum of 0' qP and the translation rel-
ative to 0'"P due to the compliance forces; cp is a sum
of cp'°P and of the rotation due to the compliance forces.
Similarly, 0 om is a sum of 0 om (= uff) and the transla-
tion due to the compliance forces, but cp om is equal
only to the rotation due to the compliance forces. These
additional displacements due to the dynamic forces
from the building depend on the building mass and
height, on the foundation mass, and on the flexibility of
the soil relative to the building. (p'°P, as a part of cp in
the numerator of Eq. (6), multiplies H, which implies
that R(ij) is larger when the building is higher.

The results for the example buildings show that R(^)
depends mostly on H/a and on cp'"P (R(-q) is larger when
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Incident Rayleigh-waves, mf/ms=o.2, (=0.05, h/a=1

R

8

4

0
0

H/a=0.6 H/a=3 H/o=10
mb/mf=0.6 mb/mf= 3 mb/mf=10

mb/mf=1.2 ------ mb/mf= 6 mb/mf=20
mb/mf=2.4 - - - - mb/mf=12 mb/mf=40

')N=0.5 nN=0.2

8 8
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L_c L_J l 1 L
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7]
1
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<1N=0.05

Fig. 7 - R = .(the ratio of the relative response to the «true» founda-
tion input motion A'R', and to the <<common>> approximation A`m ), ver-
sus the dimensionless frequency q, for incident surface Rayleigh-waves,
for three buildings (a 1-storey, a 10-storey, and a 50-storey) on semi-cir-

cular foundations. The different lines correspond to different values of
the building mass.

Hla is larger and when cp'np is larger), but also on mblms
and m/ms. (The building and foundation masses affect
R(r,) through the <compliance>> displacements and rota-
tions, as part of 0, (p, A.om and cp °m). R(71) does not
depend much on the resonance characteristics of the
building, i.e on wlwN and ^. Therefore, in Eq. (7), the
«<» sign can be substituted with o=>>.

The dependance of R(ij) on p'np (type of incident
waves and their angle of incidence) and on Hla is illus-
trated in Fig. 5, Fig. 6, and Fig. 7, where the excitation
consists of plane SV-waves, plane P-waves and
Rayleigh-waves, respectively. The plots on the left-
hand-side of these figures are for a 1-storey building
(Hla = 0.6, mb/mf = 1.2, and 71N = 0.5); the plots in the
middle are for a 10-storey building (H/a = 3, mb/mf = 6,
and ->1N = 0.2); the plots on the right-hand-side are for
a 50-storey building (Hla = 10, mblmf = 20, and 77N =
0.05). The foundation is semi-circular (hla = 1), mblms
= 0.2, and ^ = 0.05 in all the three figures. The differ-
ent lines in Fig. 5 and Fig. 6 correspond to different
incident angles, and in Fig. 7 to different values of the
building mass. It can be seen from these three figures
that the amplification R(q) increases with the height of
the building, and that it is proportional to the amplitude
of the rotation of the foundation input motion, (p'°P(71).
Since R(ij) depends very little on the value of N. the
results in these figures can be used to estimate R(-q) for
any value of 71N.

Incident SV-waves

From Fig. 3, it can be seen that cp'np is larger for y =
60° and 85° than for y = 0° and 30°. The shapes of the
curves 9(q) are also different. For y = 60° and 85°,
(p1°P(7)) grows faster with n and is the largest for 7
0.5; for y = 0° and 30°, cp'"P is small for lower q's and
is larger only for q > 1. On the other hand, 0'nP decays
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as rl increases, and for n > 1 and for y = 0° and 30° it
has decreased almost to half of the value of z (Fig.
3). This is reflected in the shape and in the amplitude
of X.(r1) (Fig. 5), which is considerably larger for y =
60° and 85° than for y = 0° and 30°. For y = 60° and
85°, %r1) is the largest for 0.2 < q < 1 and it decays
with 11 for i > 1 (since both 0'"P and cp'"P decay with r)
for 71 > 1). X -q) is the largest when y = 60°. For the 1-
storey building it reaches about 2.5, for the 10-storey
building it reaches 5, and for the 50-storey building it
is almost equal to 12. On the other end, for -y = 0° and
30°, for the 1-storey building, R.(r1) < 1; then the addi-
tional rocking affects little the relative response and the
fact that OAP < Amom prevails. For the 10-storey build-
ing, for y = 0°, %71) <_ 1 for all q's; for y = 30°, 9Z(r1)
> 1 only for 0.5 < rl < 1.5, that is for frequencies high-
er than the frequency of the first mode of vibration
(0.02 < -qN < 0.4 for 50 m/s < 0 < 1000 m/s). For the
50-storey building, for -y = 0° and 30°, _M71) < 1.8 for
all q's, and for rl < 0.12 (where the peak response may
be) it is practically equal to 1. Recalling the values of

71N for the three buildings and for 50 m/s < (3 < 1000
m/s, and that the system frequency glsys < i1N, it can be
concluded that for y = 0° and 30° the peak response of
the oscillator may not be underestimated by approxi-
mating 0'°P by 0" m . For y = 60°, the peak response

) by acan be amplified (relative to excitation by 0-M
factor as large as 2.5 for the 1-storey building, by a
factor up to 5 for the 10-storey building, and by one
order of magnitude for the 50-storey building.

Incident P-waves

Following a similar analysis as for incident SV-
waves, from the curves in Fig. 6, the following can be
concluded. The amplification R(ij) is the largest for y =
30°, that is when (p'°' is the largest. Because of the
slow growth of cp'"P with 71 (^p'm is larger only for r1 >_
0.6), R(r1) <_ I for r1 < 0.6 for the 1-storey building, for
all the incident angles; for the 10-storey building R(r1)
is also smaller for r1 < 0.6 (tr1) < 1.8). The amplifica-
tion is the largest for higher q's. The largest value of
R(71) in the interval 71 E (0,2) is about 2 for the 1-storey
building, about 3 for the 10-storey building, and about
3.5 for the 50-storey building. The peak response (at
the system frequency) can be amplified by a factor of
about 2 for the 1-storey building, 1.5 for the 10-storey
building, and by a factor of almost 2 for the 50-storey
building.

Incident Rayleigh-waves

The amplification T(Ii) has similar shape as ^p'°P(,q).
This can be seen from Fig. 4 and Fig. 7. It has local
maxima near r1 = 0.5 and 1.5 and local minima near r1
= I and 2. cp'nP for Rayleigh-waves is considerably larg-
er relative to ip'nP for incident P-waves and incident SV-
waves below critical angle, and it is comparable with
VnP for incident SVwaves beyond critical angle. The
maximum amplification is near r1 = 0.5. The maximum
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value of X71) is less than 3.5 for the 1-storey building,
about 5 for the 10-storey building, and about 9 for the
50-storey building. Recalling the intervals for 71N, for
the examples considered here, the peak response may
be amplified by a factor of about 3.5 for the 1-storey
building, 4.5 for the 10-storey building, and by a factor
of about 5.5 for the 50-storey building.

R(r1) for Shallow Foundations

For the three buildings in Figs. 5 and 6, but founded
on <<shallow> foundations (h/a = 0.5), %77) is shown
for incident P-waves (y = 30°, 60° and 85°) in Fig. 8,
and for incident SV-waves (y = 0° and 30°) in Fig. 9.
In both figures mf/m, = 0.2, and the ratios mb/mf are
chosen so that mb is approximately the same as for the
deeper foundations in Fig. 5 and Fig. 6. mb/mf = 2.4 for
the 1-storey building, 12 for the 10-storey building, and
40 for the 50-storey building.

For incident P-waves, for smaller r1, P(71) has similar
amplitudes both for h/a = 1 and for h/a = 0.5. For
higher 71's, R(71) is larger for the buildings on shallow
foundations, because of the larger amplitudes of (p1°P.
For the examples presented here, for the 1-storey build-
ing, the maximum value of R(ij) in r1 E (0,2) is about 3,
for the 10-storey building it is about 7 and for the 50-
storey building it is about 17.

For incident SV-waves (y = 0° and 30°), for the 1-
storey building, P(71) < 1 (same as for the building on
semi-circular foundation), and for the 10-storey building
it is slightly larger than 1. For the 50-storey building, for
small r1's, P(ij) is larger when the foundation is deeper,
but for higher q's it is larger when the foundation is
shallow and it reaches the value 3.5 at r1 = 2 (y = 0°).

It can be concluded that for incident P-waves and
incident SV-waves below critical angle (in both cases
the free-field motion consists of body waves only), for
very low 71's, R(r1) is the same or may be larger when
the foundation is deeper. For higher q, Xr1) is larger
for shallow foundations (h/a = 0.5).

Incident P-waves , mf/ms=0.2, ^=0.05 , h/a=0.5

7=30°, ---- y=60°, --- Y=85°,

H/a=0.6 H/a=3

mb/mf=2.4 H mb/mf=12
R

H/a=10
mb/mf=40

7IN=0.5 ON=0.2 16 'IN=0.05
1616

12

8

4

8

4

0 J -

12

8

4

0 1 2 0 1 2 0 1 2
1 7) 7)

Fig. 8 - R = R (the ratio of the relative response to the <<true>> founda-
tion input motion A">', and to the <<common >> approximation A'> ), ver-
sus the dimensionless frequency q7, for incident plane P-waves,cfor three
buildings (a 1-storey, a 10storey, and a 50-storey) on shallow founda-

tions (h/a = 0.5 ). The different lines correspond to different incident

angles.
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Incident SV- waves, m1/ms=0.2, (=0.05, h/a=0.5

R

y= 0°, ---- y=30°,

- H/a=0.6

mb/mf=2.4

4
r 77N=0.5

3

2

4

H/a=3

mb/mf=12
77N=0.2

3

2

4

3

2

Incident P-waves, y=30 0, H/a=10, ^=0.05, 71N =0.05

h/a=1 h/a=0.5
mf/m =0.01 m /m =400 m /m =0 01 m /m =800

H/a=10
s , b f

mf/ms=0.20, mb/mf= 20 ----
f s . , b f

mf/ms=0.20, mb/mf= 40
mb/mf=40 mf/ms=0.40, mb/mf= 10 - - _ mf/ms=0.40, mb/mf= 20
?)N=0.05

R

16

12

8

4

01
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I I I, I I I I I

1 2 0 1 2 0 1 2
77 ?l 7)

Fig. 9 - R = R. (the ratio of the relative response to the <true,> founda-
tion input motion A'"P and to the ucommon>> approximation A5 ), ver-
sus the dimensionless frequency rl, for incident plane SV-waves, for
three buildings (a 1-storey, a 10storey, and a 50-storey) on shallow foun-
dations (h/a = 0.5). The different lines correspond to different incident
angles.

Effect of the building mass and of the foundation, mass
on P(,q)

W(q) was calculated also for mb/mf twice larger and
half of the typical values (see the section entitled Ex-
ample Buildings in this paper). The results show that
% 71) varies little with mb/mf for the 1-storey building
and not much for the 10-storey building. For smaller
rl's,rl) appears to be slightly larger when the build-
ing is <lighter>>, and for larger rd's, when the building is
<<heavier>>. For the 50-storey building, R,q) appears to
be larger for all q's (in the interval (0.2)) when the
building is lighter. Those trends have been illustrated in
Fig. 7, for incident Rayleigh-waves.

art) also depends on the foundation mass, with
most obvious trends and most significantly for the 50-
storey building. In Fig. 10, (ij) is shown for the 50-
storey building for mf/m, = 0.01, 0.2 and 0.4. The plot
on the left-hand-side is for semi-circular foundations
(h/a = 1) and on the right-hand-side for shallow foun-
dations (h/a = 0.5). The excitation is a plane P-wave (y
= 30°). The building damping ratio, ^, and fixed-base
frequency, 71N, have the same values as in Figs. 5
through 9; the ratio mb/mf is such that the building mass
is equal to the typical value for the 50-storey building.
It can be seen from this figure that, for the highest
building, R(i1) is larger when the foundation is lighter.

Apparently, for the highest building (for which the
interaction effects are more pronounced), Q7)) is small-
er when the building and/or the foundation are <<heav-
ier> . This may be because of the larger compliance
forces (associated with heavier buildings) that reduce
the relative response. It seems that larger input motion
(the one that includes p1°P) is associated with larger
reduction of the relative response (for heavier buildings
and foundations).

0
0

16

12

4

L
1 2 0
r)

Fig. 10 R R(the ratio of the relative response to the - true)> foundation
input motion A'"P, and to the <common» approximation A'n' ), versus
the dimensionless frequency r), for incident plane P -waves (yo='y = 30°), for
buildings on semicircular (h/a = 1) and on shallow foundations (h/a =
0.5). The different lines correspond to different values of the mass of the
foundation . The mass of the building is the same for all the curves.

Summary and conclusions

The aim of this paper has been to estimate by how
much the lateral relative displacements, and the associ-
ated internal forces, during transverse vibration of long
buildings on flexible soil may be underestimated by
neglecting the input rocking excitation of the building
foundation (by approximating the foundation input
motion in soil-structure interaction problems by a fre-
quency independent translation only). For this purpose
the ratio R(71) =I ube' I /I u6e^om I has been defined, where
ube' is the response at frequency 71 to the <<true>> founda-
tion input motion, and ub com is the response to the
<<common>> approximation of the foundation input mo-
tion.

Instrument recordings of the rocking component of
strong ground motions are not available so far. Differ-
ent authors use different analytical and numerical meth-
ods to estimate the amplitude and phase (relative to the
translations) of the rocking component of ground mo-
tion. In this paper the building-soil model is two-di-
mensional (an equivalent single degree-of-freedom os-
cillator on a circular foundation embedded into a ho-
mogeneous and elastic half-space), and the excitations
are plane P- and SV-waves and surface Rayleigh
waves. In the real world, the geology between the
earthquake source and the building site is much more
complicated than a homogeneous elastic half-space, and
is often not known in detail. The earthquake excitation
is also more complicated than plane body waves and
simple Rayleigh waves. However, our aim has not been
to present a precise quantitative estimate for realistic
three-dimensional case, but to consider a qualitative
study, to see how different parameters of the soil-build-
ing system may affect the amplification W(71).

A 1-storey, a 10-storey and a 50-storey <<buildings>>
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Table 1 - Properties of shear-beam and equivalent single degree-of-freedom oscillator models for buildings with n = 1, 10 and 50 stories

n N,.

(sec)

,,

(m)

sb

(m)

a

b

a

mb

f

mI.

s

(/3 =

17N,I

1000 m/s) (0

T)N,1

= 50 m/s)

1 0.1 5 10 0.58 0.58 1.27 0.2 0.1 2

10 1 50 20 2.9 0.58 6.36 0.2 0.02 0.4

50 5 250 30 9.36 0.58 21.2 0.2 0.006 0.12

* it is assumed that Wsb = 2a
** the assigned values are for p/p, = p1p, = 0.2 and for a semi-circular foundation.

were analyzed, supported by semicircular foundations
and by <<shallow>> foundations (h/a = 0.5). The results
showed that R(q) is mostly affected by the amplitude
of the rocking component of the foundation input mo-
tion, (p1°P, and by the building height. R(,q) is larger
when the input rotation is larger and when the building
is higher. Of all the excitations considered, the founda-
tion input rotation is the largest for incident SV-waves
beyond critical angle and for incident Rayleigh waves.
Throughout the spectrum rJ E (0,2), for buildings on

semi -circular foundations, for incident SV-waves (y =
60°), R(i) can be as large as 2.5 for the 1-storey build-
ings, 5.5 for the 10-storey building and 12 for the 50-
storey building. For incident P-waves (semi-circular
foundation), R(,q) can be as larger as 2 for the 1-storey
building, 3 for the 10 storey building and 3.5 for the
50-storey building. For incident Rayleigh waves, it can
be as large as 3 for the 1-storey building, 5 for the 10-
storey building, and 9 for the 50-storey building. For
the 1-storey building and for incident SV-waves below
critical angle (y = 0° and 30°), R(71) <_ 1

(0 om > Amp # 0). As ii -* 0, R(rl) -* 1.
For incident P-waves and SV-waves below critical

angle (when the free-field motion consists only of body
waves), if the foundation is shallow (h/a = 0.5), for low
Ii's, R(11) may be slightly smaller as compared with
R(Ii) for the same buildings on deeper (semicircular)
foundations. However, for higher r)'s, R(-q) is larger
when the foundation is shallow, because of the larger
amplitudes of (p=P.

The building and the foundation masses affect R(71)

through the compliance forces which modify the dis-
placement at the building base. The effect of the mass
is very small for the 1-storey building. The trend is
most clear and the magnitude of this effect is the larg-
est for the 50-storey building. For this building, R(-q) is
smaller when the building and the foundation masses
are larger. This is probably because of the larger com-
pliance forces of the building (when it is <<heavier>>)
that reduce the relative building response and the effect
of the additional rotational excitation.
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Appendix A: list of symbols

/3, µ, v = shear wave velocity, shear modulus, and
Poisson's ratio for the soil

h, a = depth and half-width of the foundation
w, T = circular frequency and period of the in-

cident wave
oia 2a

^7 = a = aT = dimensionless frequency

HSb' WSb = height and width of a shear-beam build-

W bH rb =

12

wN

IlN

WNa

ITa

ing model

= height and radius of gyration of the
equivalent SDOF building model
= viscous damping ratio and fixed-base
natural frequency of the equivalent SDOF
building model
= dimensionless stiffness parameter of the
building relative to the soil

77 Sys = dimensionless system frequency
g = acceleration due to gravity
0, V, cp = horizontal and vertical displacements

I rel , UbTel

ip b

and rocking angle of point 0 on the foun-
dation
= relative angle of rocking, and relative
horizontal displacements of the equivalent
SDOF building model

A = { V, A, cpa }T= generalized displacement vector de-
scribing the motion of point 0

A'"P = { V'"P, 0'"P, (p'"Pa IT = generalized displacement
vector of the foundation input motion (re-
sponse of a massless foundation to the in-
cident waves)

Aim = {0, uff, , 0}T = generalized displacement vector of
the commonly used approximation for the
foundation input motion

u = horizontal component of the free-field
motion at z = 0

Ub com = relative building response when the
foundation input motion is described by
generalized vector A'"P

com

N (rl) =1
ubrel I /1

ub com I = ratio of the relative response to

y

the <<true>> foundation input motion A'"P
and to the <<common>> approximation A"P

com

= incident angle of the plane P- and SV-
waves, measured from the normal to the
half-space surface.
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Appendix B

Let F(b) = { f (b) f (b) Mo' / H}T be a generalized forceZ r
vector of the forces that the foundation exerts onto the
building. The vertical force f(s) (up), the horizontal
force f,(b> (in the negative x-direction) and the moment
about 0, Mobs (counter-clockwise), see Fig. 1, can be
calculated, given the displacement of the foundation, as
follows

F^b> = mbc02 [[Klb^

where

[C(b) 1= 9

R CJ2H

(B2)

[C(b)] j 0 e-"t
(B1)R 0

PO 0 0

0 0 C23

0 C32

is the complex stiffness matrix for the building, and

[C(b'] = gR w2H

[0 0
0 0

Lo C23

0

C23

C33

The entries of [K(b)] and [C9(')] are

k1,=1

z
=1+ mbH2 co 1

10 wN q

k23 =1 +

k23

w 12 1

O)N) q

(B3)

(B4a)

(B4b)

(B4c)

(B4d)
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k 33
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m H2

b

where
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1+

2 1

1
(B4e)

^wN ) q

2
w w

q=1-2i^--
wN WN

and

m b H 2 ( w
z

1
C23 =

Io \wN) q

z
g (w m b H 2

(t)2H wN Io
(B4f)

(B5a)

C32-C23 (B5b)

2 2
=1+2

co 1+ mbH2 co 1 g
2 (BSC)
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